LOW-DIMENSIONAL COMPLEX CHARACTERS OF THE 
SYMPLECTIC AND ORTHOGONAL GROUPS 



HUNG NGOC NGUYEN 

Abstract. We classify the irreducible complex characters of the symplectic groups 
Sp2niq) and the orthogonal groups Spin2n{<i), Spin2n+i{q) of degrees up to the 
bound D, where D = (q" — l)(7"'"^^"/2 for symplectic groups, D = g^n-s 
orthogonal groups in odd dimension, and D = g^n-io ^^j. orthogonal groups in even 
dimension. 



1. Introduction 

Lower bounds for the degrees of non-trivial irreducible representations of finite 
groups of Lie type in cross characteristic were found by Landazuri, Seitz, and Zalesskii 
in |LSj . |SZj . These bounds have proved to be very useful in various applications. 
Thanks to the effort of many people, the exact value of the smallest degree of non- 
trivial irreducible representations was determined for many groups of Lie type (see 

m)- 

We are interested in not only the smallest representation, but more importantly, 
the low-dimensional representations. In the case of complex representations, this 
problem was first studied by Tiep and Zalesskii [TZlj for finite classical groups and 
then by Liibeck |Luj for exceptional groups. For representations over fields of cross 
characteristics, this problem has been studied recently in |BKj . |GTlj for 5'L„(g); 
IGMSTj . [HM] for SUn{q)] |GMST] for Sp2n{q) with q odd; and PT2] for Spn{q) 
with q even. Let H be one of these groups and denote by ^{H) the smallest de- 
gree of nontrivial irreducible representations in cross characteristic. The purpose of 
these papers is to classify the irreducible representations of H of degrees close to 
d{H) and to prove that there is a relatively "big" gap between the degrees of these 
representations and the next degree. 

From now on, we denote by G either the symplectic groups Sp2n{q) or the orthog- 
onal groups Spin^{q), where g is a power of a prime p. The smallest non-trivial 
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complex characters of G was determined in |TZlj . It was also proved in [TZlj that, 
up to the bound (g^" — l)/2(g + 1), the odd characteristic symplectic group Sp2n{.l) 
has four irreducible characters of degrees (g"±l)/2, which are so-called Weil charac- 
ters, and the smallest unipotent character of degree (g*^ — — g)/2(g + l). We want 
to extend these results to a larger bound. More precisely, we classify the irreducible 
complex characters of G of degrees up to the bound D, where D = (g" — l)g*^"~^°/2 
for the odd characteristic symplectic groups, D = for the orthogonal groups in 
odd dimension, and D = g^n-io ^^le orthogonal groups in even dimension. When 
q is even, the irreducible complex characters of Sp2n{<l) — Spin2n+i{q) were classified 
up to an already good enough bound (g^" — — l)(g"^^ — g^)/2(g'^ — 1) in [GT2j 

and therefore it is not in our consideration. Theorems 11.21 11.31 II. 4[ and Proposition 
18.31 in this paper have been used in |LOSTj to establish the Ore's conjecture for the 
orthogonal groups. Our main results are the following theorems. 

Theorem 1.1. Let x be an irreducible complex character of G = Sp2n{(l), where 
n > 6 and q is an odd prime power. Then either x(l) > (g" — l)g^"~^°/2 or x belongs 
to a list of q^ + 12g + 36 characters in Tables 1, 2, 3 (at the end of §4j. 

Theorem 1.2. Let x be an irreducible complex character of G = Spin2n+i{q) , where 
n > 5 and q is an odd prime power. Then x(l) = 1 (1 character) , x(l) = (g^" — 
l)/(g^ — 1) (1 character), = g(g^" — l)/(g^ — 1) A character), (g" + a;i)(g" + 
a2g)/2(g + aias) (A characters, ai,2 = ±1 ), x(l) = (g^'' - l)/(g + a) ({q + a - 2)/2 
characters for each a = ±1 ), or x(l) > g*"~®. 

Theorem 1.3. Let x be an irreducible complex character ofG = Spin2n{q) — ^2n(?)' 
where n > 5, a = ±, (n, g, a) ^ (5, 2, +), and q is a power of 2. Let 

(g - l)(g2 + l)(g3 - l)(g4 + 1), ^ = 5, a = -, 
g,4n-io _j_ otherwise. 

ThenxiX) = 1 A character), x(l) = (g"— a;)(g"^-'^+a;g)/(g^ — 1) (\ character), x(l) = 
(g2n _ g2)/(^2 _ character), x(l) = (g" - a)(g"-i + a/3)/(g - P) ({q-l3- l)/2 
characters for each P = ±), or x(l) > D{n,q,a). 

Furthermore, when (n, a) = (5, — ), G has exactly q characters of degree D{5, g, — ), 
1 character of degree q^{q'^ + l)(g^ + l)/(g + 1), and no more characters of degrees 
up to q^^ . 

Theorem 1.4. Let x be an irreducible complex character of G = Spin2n{q), where 
a = ±, n > 5, and q is an odd prime power. Let 

(g - l)(g2 + l)(g3 - l)(g4 + 1), n = 5, « = -, 
q4n 10 _|_ otherwise. 

ThenxiX) = 1 A character), x(l) = (g"— a)(g"^-'^+ag)/(g^ — 1) (1 character), x(l) = 
(g^" — g^)/(g^ — 1) (1 character), x(l) = (g" — a)(g"~^ — a)/2(g + 1) (2 characters). 



D{n,q,a) 



D{n,q, 



a 
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= (g"-a)(g"-i + a)/2(g-l) (2 characters), = (g" + 
({q — P — 2)/2 characters for each P = ±), or x(l) > D{n, q, a). 

Furthermore, when (n, a) = (5, — ), G has exactly q characters of degree D{5, q, —), 
1 character of degree q^{q'^ + ^){q^ + + 1), and no more characters of degrees 
up to q^^ . 

This paper is organized as follows. In §2, we recall the Lusztig's classification of 
the irreducible complex characters of finite groups of Lie type. Also, the structures of 
centralizers of semi-simple elements in symplectic and orthogonal groups are collected 
in §2. The low- dimensional unipotent characters of G are classified in §3. Each of 
the groups Sp2n{q) {q odd), Spin2n+i{q) {q odd), Spin^^{q) {q even), and Spinf^{q) 
{q odd) is treated individually in §4, §5, §6, and §7, respectively. Finally, in §8, we 
count the number of irreducible complex characters of G = Spin^2{'^) of degrees up 
to 4-31^ 

2. Preliminaries 

2.1. Notation. Throughout this paper, GL^{q) stands for GLn{q) and GL^{q) 
stands for GUn{q)- Furthermore, ± could be understood as ± itself or ±1, de- 
pending on the context. In order to label the eigenvalues of semi-simple elements, 
as well as conjugacy classes of finite classical groups, we follow the notation of [SJ 
and pA^2J- Let k denote a generator of the field of q^ elements, C = /t^ ^ = k'^ 

= ^9-1, 7 = 9i+\ Let Ti = {1, (g - 3)/2}, T2 = {1, (g - l)/2} if q is odd and 
Ti = {1, (g — 2)/2}, T2 = {1, g/2} if q is even. Furthermore, when q is odd, let 
Rl = {j e Z : 1 < j < q"^ + 1, j ^ (g^ + l)/2} and define Ri to be a complete set of 
class representatives of the equivalence relation ~ on i?*: 

i ~ j ■<=^ 2 = ±j or ± qj (mod g^ + 1). 

Similarly, let i?2 = {j e Z : 1 < j < g^ - 1, g - 1 f j, g 1 f j} and define R2 to be a 
complete set of class representatives of the equivalence relation on R2: 

z ~ j z = ±j or ± qj (mod g^ — 1). 

Note that = (g^ - l)/4 and |i?2| = (g - 1)74. 

2.2. Lusztig's classification. The main ingredient to prove our results is Lusztig's 
classification of irreducible complex characters of finite groups of Lie type. To make 
the paper self-contained, we recall it here. 

Let G be either the symplectic groups Sp2n{q) or the orthogonal groups Spinf^{q), 
Spin2n+i (g) where g is a power of a prime p. Let Q be the algebraic group and F the 
Frobenius endomorphism on Q such that G = . Let Q* be the dual group of Q and 
F* the dual Frobenius endomorphism and denote G* = G*^ ■ Lusztig's classification 
(see chapter 13 of [DM]) says that the set of irreducible complex characters of G is 
partitioned into Lusztig series S{G, (s)) associated to various geometric conjugacy 
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classes (s) of semi-simple elements of G* . In fact, £{G, (s)) is the set of irreducible 
constituents of a Deligne-Lusztig character R^{6), where {T,9) is of the geometric 
conjugacy class associated to (s). The elements of £{G,{1)) are called unipotent 
characters of G. When ^ is a connected reductive group, for any semi-simple element 
s E G*, there is a bijection x ^ from S{G, (s)) to S{Gg*{s), (1)) such that 

(2.1) = i^'^'!' m- 

In this situation, we will say that the irreducible complex character x of G is param- 
eterized by the pair {{s),ip). 

Suppose that we are determining irreducible complex characters of G of degrees 
up to a certain bound D. Unipotent characters of G as well as G* are classified by 
Lusztig (see §13.8 of |Clj ) and we will use that to find the low-dimensional unipotent 
characters of G. When the character x is not unipotent, i.e. (s) ^ (1), based on the 
structure of Cg*{s), we estimate {G* : Cg*{s))p' and come up with certain cases when 
Cg*{s) is large enough. More specifically, from formula |2. 11 we see that if x(l) < D 
then |CGr*(s)| > \G\pi/D. The following Proposition is used frequently to determine 
unipotent characters of Gg*{s). 

Proposition 2.1 (Proposition 13.20 of |DMj ). Let Q and Qi he two reductive groups 
defined over ¥q, and let f : Q ^ Qi he a morphism of algehraic groups with a central 
kernel, defined over ¥q and such that f{Q) contains the derived group Q[; then the 
unipotent characters of are the 6 o f , where 6 runs over the unipotent characters 

ofQf. 

2.3. Centralizers of semi-simple elements. We collect here some well-known 
results about the structures of centralizers of semi-simple elements in finite classical 
groups (cf. |C2] . [FS] , and |TZ2] ). Since the following lemmas are similar, we omit 
most of their proofs except the last one's. 

Lemma 2.2. Let q he odd and s G S02n+i{<l) he semi- simple. Then 

t 

i=l 

and 

t 

Co,„,.i,)is) ^ 0,,^,{q) X 0^^^_,^{q) X l[GL::{q'^), 



i=l 



n — m. 



where < k < m < n, ai = ±, and X]j=i ^i^' 

Lemma 2.3. Let q he even and s G 0^(g) he semi-simple. Then 

t 

Cof^^q){s)c^OUq)x\[GL-^\q'^), 

i=l 
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where ai = ± and Yll=i ^i^i = n — m. 

Let (.,.) be a non-degenerate symplectic form on the space V = F^", then the 
conformal symplectic group CSp2n{(l) is defined to be 

{g e GL{V) I 3 r{g) e F^, Vn, v e V, {gu, gv) = r(^?)(n, v)}. 
Lemma 2.4. Let q be odd and s G CSp2n{(l) be semi-simple. Then 

CcSp2„{g){s) - Csp2„{q){s) ■ Zg_i. 

Moreover, 

(i) If t{s) is not a square in ¥g, then 

t 

Csp2,Mi^)^Spm{q')^\[GLZl{q'^), 

i=l 

where m is even, = ±, and Yll=i ^i^i = n — m. 

(ii) If t{s) is a square in ¥g, then 

t 

Csp2r.(q){s) ^ Sp2k{q) X Sp2{ m—k) 

i=l 

where 0<k<m<n,ai = ±, and Yll^i kiai = n — m. 

Let Q{.) be a non-degenerate quadratic form on the space V = F^^. Then the 
conformal orthogonal group COfnio) is defined to be 

{g e GL{V) I 3 T{g) E ¥;,\/v E V,Q{g{v)) = T{g)Q{v)}. 

We use the description of CO^(g)° in |TZlt Remark 7.3]. When q is odd, it is also 
shown in [TZTl Lemma 7.4] that CO^„(g)° = {g E COf^iq) \ det{g) = r(^)"} and 
COf^{q)'^ is actually a subgroup of index 2 of COf^{q) such that COf^{q)'^/ SOf^{q) ~ 
COt{q)/Ot{q)c:^Zg_^. 

Lemma 2.5. Let q be odd and s E CO^(g)'' be semi-simple. Then 
and 

Cc0±(.)o(^)-^50±(,)(S)-Vl- 

Moreover, 

(i) If t{s) is not a square in Fg, then 

t 

CotMis)^0^{q')xl[GL::{q'^), 

i=l 

where m is even, = ±, and Yll=i ^i^i = n — m. 
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(ii) If t{s) is a square in Wq, then 

t 

1=1 

where 0<k<m<n, ai = ±, and Yll=i ^i'^i = n — m. 

Proof. Let (., .) be the non-degenerate bilinear form associated with Q{.). Fix a basis 
of V and let J be the Gram matrix of (., .) corresponding to this basis. Then %Js = 
tJ, where r := t(s). Hence Spec(s) = Spec(fe) = TSpec( Js~^ J~^) = rSpec(s~^). 
Denote the characteristic polynomial of s acting on V by P{x) e Fg[a;]. There are 
two cases: 

Case 1: If r is not a square in Fg, suppose r = \\ where Ai e Fq2 \¥q. Decompose 
P{x) into irreducible polynomials over F^: 

P{x) = {x'-TrX{fr{x)\{g';^{xW^{x), 

where 

• If A is a root of fi{x) then tA~^ is also a root of fi{x), deg(/i) is even, ±Ai 
are not the roots of /j, 

• If A is a root of gj{x) then t\~^ is a root of gj{x), deg{gj) = deg(^), gj ^ gj, 

• n = m + T,\=imi deg(/j)/2 + Sj^irij deg{gj). 

Since s e CO^(g)°, we have r" = det(s) = (^_^'^m^n-m _ Therefore, m is even. Set 

■= ((^2i^)m)-=^(^)'^^ - ^;^^^"=^^^^'^^' ^g;^{x)^^{x)^''='^^^- 

Then F = K ® Vi © • • - VJ © t/i © • • • f/p is an orthogonal decomposition of V. Let 
W e {y, Kr, Vi, ...,Vi,Ui, Then s|vf is semi-simple and (., .) is non-degenerate 
on W. For short notation, we denote Co{w){s\w) and Cco{w){s\w) by Co{w){s) and 
Cco{w){s), respectively. 

la) First, we show that Co(vk)(s) — GUmo{q'^) and Cco(w){s) ~ Co(vk)(s) • 
where = for i = l,---,^, ?7io = rui, and A; = deg(/i)/2. Note that the 
characteristic polynomial of s acting on W is f^°{x). Let A G Fg2fc be an eigen- 
value of the action of s on W . Then all eigenvalues of the action of s on W are 
A, A'', A'^ . Since rA~^ is also a root of /^(a;) and ±Ai are not, rA^^ = A'' . 
Consider W = W ^f, ^q2k. Fix a basis (/j) in W, and define a Frobenius endomor- 
phism a : T^iXifi ^ T^iX^fi on M^, where Xi e Fq2fe. The simplicity of s implies that 
W ^Wi® ■ ■ ■ ® W2k, where Wj = Ker(s - A«'~'). We see that a permutes the W^'s 
cyclically: a{Wi) — Wi+i, where W2k+i — Wi. Let g e CO{W) be commuting with 
s\w Then preserves each Wi. Moreover, it is easy to see that g also commutes 
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with a. This imphes that the action oi g onW is completely determined by its action 
on Wi. g{cr^w) = a\gw) for w G Wi. So Cco{w){.s) ^ GLm^M^^)- If m e IVj and 
V G Wj then t{u,v) = {su,sv) = A"^' ^^'^^ ^{u,v). Therefore, 

(2.2) = and Wi+k n = 0. 

Choose a basis ...,M.mo) in Wi. Then (t>j) is a basis for Wi+k, where Vi = a^iui). 
We see that {aui.avj) = {ui.VjY- Hence, {ui.VjY = {a^Ui.a'^Vj) = {vi,Uj) = 
{uj,Vi). In other words, tl = . Thus, together with 12. 2| U determines a non- 
degenerate Hermitian form on an mo-dimensional Fg2fc-space. 

If g acts on Wi with matrix A = (aij) (with respect to the basis (ui)), then g 
acts on Wi+k with matrix A'^'' = {alj) (with respect to the basis (fj)). From [521 
g G Co(w){.s) if and only if 

iuk.vi) = {guk,gvi) = (^^ a^fc^i, ^j) = y^^aikafiiui,Vj), 

i j i,j 

i.e. *Af/A''* = U. Therefore, Co{w){s) ^ GUmoiq'')- Similarly, g G Cco{w){s) if 
and only if ^AUA"' = T{g)U. Note that if ^AUA"' = U then XeA)U{eAy' = T{g)U , 
where e is a scalar in ¥q2k such that e'^^^^ = T{g) (there always exists such an e 
for any T{g) G F*). That means r : CcoiW){s) — > F* is an epimorphism and hence 
Cco{w){s) ^ Co{w){s) ■ Zg-i- 

lb) Next, we show that Co{w)is) — GLna{q^) and Cco{w){s) ~ GLn^{q^) ■ Z^-i, 
where W = Uj for j = 1, hq = rij, and k = deg{gj). Note that the characteristic 
polynomial of s acting on W is gj° {x)gj° (x) . Let A G F^fe be a root of gj. Then all 

fc — 1 1 fc — 1 

the roots of gj are A, A'^, A'^ and all the roots of gj are rA~ , rA~'^ . Let 
(/j) be a basis of W, and define a Frobenius endomorphism a : T^iXifi i— ^ T^ixlfi on 
W :=]¥ (g)F, F^fc, where G F^fc. The simplicity of s implies that W = Wi ® ■ ■ ■ ® 
Wk®Wl® ■ ■ ■ ® WI, where Wi = Ker(s - A"?'"') and W^j = Ker(s - rA-"?'"'). We 
see that a permutes the Wi's and W-'s cyclically: aiWi) = Wi+i, (riW-) = W^j+i, 
where W2k+i = Wi and W^2A:+i — ^i- ^ CO{W) commuting with s\w Then g 

preserves each Wi, Wj. Again, the action ofgonW is completely determined by its 
action on Wi and W{. So Cco{w){s) ^ GL2no{<i^)- We also have 

(2.3) W^ = and W[ n W^ = 0. 

i i>2 

Choose basis (ui) and (fj) of VTi and Wl, respectively. Suppose that g acts on Wi 
with matrix A = (aij) (with respect to the basis (««)) and on W^ with matrix (bij) 
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(with respect to the basis (wj)). From [273| g G Co(w){s) if and only if {gu, gv) = {u, v) 
for any u e Wi, v G Wl, i.e. 

{uk,vi) = {guk,gvi) = (^aikUi,^bjiVj) = ^aikbji{ui,Vj). 

In other words, g G Co{w){s) if and only if ^AUB = U. Since U is non-degenerate, 
^AUB = U means that B is uniquely determined by A. Therefore, Co{w){s) — 
GLnoiq^)- Similarly, g G Cco(w){s) if and only if {gu, gv) = T{g){u, v) for any u G Wi, 
V G W[ or equivalently ^AUB = T{g)U. Therefore, Cco{w){s) ~ Co{w){s) ■ Z^^i. 

Ic) Lastly, we show that Co(y,)(s) ~ O^(g^) and Cco{Vrli^) - Co{Vr){s) ■ ^q-i- 
Again, we have K- = Vi © V2, where Vr = Vr 1^,2, Vi = Ker(s — Ai), and 
V2 = Ker(s + Ai). Furthermore, Vi _L V2 and therefore Vi, V2 are non-degenerate. 
Similar arguments as in la), we see that the action of an element g G CcoiVr){s) on 
Vr is completely determined by its action on Vi. Hence, Co(i/^)(s) ^ 0{Vi) = O^(g^) 
and Cco{Vr){^) — Co{Vt){^) " ^g-ii since m is even. 

Combining what we have proved in la), 16), Ic), we have that 

Co{v){s) ^ CoivM^) X n^o(y,)(s) x JJ Co([/,.)(s) ~ 

i j 

i j 

We have also proved that Cco{w){s) — Co{w)is) - TLq-x for any W G Vi, VJ, U\, 
...,Ui'}. More precisely, given any a G F*, there exists gw € Cco{W){s) such that 
r(5(w/) = a ior W e {K, Vi, V^, t/i, f/;/}- Set = {gv,, gv^, 9Vi, 9u^, 9u^,)- 
Then G C(7o(V')("S) and T{g) = a. Hence, Ccoiv){s) — Co(v){s) ■ Zg-i- The Lemma 
is proved in this case. 

Case 2: If r is a square in F^, suppose that r = with A2 G ¥g. Replacing s 
by A2 if necessary, we can assume that r = 1. Decompose P{x) into irreducible 
polynomials over F^: 

I I' 

p{x) ={x- if'{x + if^'^' n /r(^) n^'(^)^"^(^)' 

i=i i=i 

where 

• If A is a root of fi{x) then A~^ is also a root of fi{x), deg(/j) is even, ±1 are 
not the roots of /j, 

• If A is a root of gj{x) then A~^ is a root of gj{x), deg{gj) = deg(^), gj 7^ 
» n = m + T^l^iTUi deg(/,)/2 + Sj^i^ deg{gj). 
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Since 1 = r" = det(s) = {-if"'-''', k' is even. Set k' = 2k and 



V := Ker(.-1),\/" := Ker(.+1),\/, := {^^±L^)^^^{y),U, := { ^n, , }Zl, , ^_, ).=s{y). 



Then = V © 1^" © 14 © ■ ■ - V^ © f/i © • • • © f/p is an orthogonal decomposition of l^. 
It is obvious that Coiv'){s) = OiV') = 0^^{q) and Co(y")(s) = 0(F") = 0|^_,)(g). 
Furthermore, Cco{V'){s) = CO{V') = Og{q) ■ Z,_i and CcoiV"){s) = CO{V") = 
^t{m-k)(l) ' ^ow we can repeat the arguments in Case 1 and complete the 

proof. □ 

Remark. Lemma [215] is wrong when s ^ CO^(g)°. Here is one example. Suppose 
that q is odd. Let = = {{x,y) \ x,y E ¥q} be the vector space of dimension 
2. The quadratic form Q{x,y) = xy is non-degenerate of Witt index 1. The Gram 
matrix of Q corresponding to the basis {(1, 0), (0, 1)} is J = (° q)- By definition, 
Oj(g) is the group of matrices A E 6*^2 (g) such that ^AJA = J. Therefore, 



Similarly, 

COtiq) = {Ae GUq) I 3r G F^, 'AJA = r J} = | {^^ fj , | a, 6 G F* 

Take the element s = J, which is semi-simple. Since t{s) = 1 and det(s) = 
s ^ C02{q)^- Direct computation shows that 

^ot(g)is) = { (o l) ' ( -l) ' (l o) ' {-1 
On the other hand. 

Therefore, C'c'oJ(q)('^) ^ ^oJ(g)('^) ' ^9-1 t>y order comparison. 



3. UNIPOTENT CHARACTERS 



3.1. Unipotent Characters of S02n+i{q) and PCSp2n{q)- Proposition 5.1 of 
|TZ1] shows that S02n+i{q) as well as PC Sp2n{q) have a unique unipotent char- 
acter of minimal degree (g" — l){q" — g)/2(g + 1) and any other non-trivial unipotent 
character has degree greater than q^" /2{q + 1). We mimic its proof and get Proposi- 
tion [XH which classifies unipotent characters of degrees up to ~ g^"^^^/2. 
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From [CI', p. 466, 467] , we know that the unipotent characters of S02n+i{(l) and 
PCSp2n{(l) are labeled by symbols of the form 

A\ ^ Al A2 A3 ... \a\ 
\IJ,J \ jli fi2 ... I^b J 

where < Ai < A2 < ... < \a, Q < Hi < 1^2 < ■■■ < l^b, cl — h is odd and positive, 
(Ai,/xi) ^ (0,0), and 

I]Ai + 5^/i,- 

« i 

The integer n is called the rank of the symbol (^). The degree of the unipotent 
character x^'^ corresponding to the symbol (^) is equal to 

- !)(<;' - 1) ■ ■ ■ (<;"■ - 1) n,:-<i(';^' - 1^') Ylj'.jM" - + ''''') 

2-i-,c%'-=)M"%'-> ■■ n. xiUi'- - 1) n, x^.M^ - 1) 

Proposition 3.1. LetG* he either {BrXd{q) = S02n+i{q) or{Cn)ad{q) = PCSp2n{q)- 
Suppose that n > 6 and x G Irr(G'*) is unipotent. Then either x is one of characters 

labeled by C), (V), (V). (V). C'^, , C 7') > C 7') , C 

rV")^ (Vn^ (V;)' {'12)' orx{l)>{q'-'-l){q'--l){q-'-l){q-'-q')/2 
(g^ — l){q'^ — + 1) (~ q^^ ^^/2), which is the degree of the unipotent character 
labeled by (° . 

Note: For reader's convenience, we put these low-dimensional unipotent characters 

in Table 1, where the degree of each character is calculated. To keep the paper not 

too lengthy, we will skip detailed arguments of some inequalities in this and ongoing 

proofs. We frequently use the following obvious estimates without notice: 
0" — 1 1 

(i) q""'^ < \ ^ < + ^) for a > 6 > 1. 

(ii) nr o T > - for integers 1 < ai < < ... < a„. 

^"=^ qO'i — gdi-l 2 to — i / n 

Proof. 1) Define 

D{n) = {q'-' - - l)iq-' - l)iq-' - q')/2iq' - - l)iq' + 1). 

We have that 

D{n) _ - i)(g'^-2 _ i)(g'^-5 _ 1) 

D{n - 1) ~ (g2n-4 _ l)(gn-3 _ l)(gn-6 _ 1) 

and < D{n)/D{n — 1) < for every n > 7. Also, i5(n) < g^"~^^/2 for every 
n > 6. Let be the set of 14 symbols in this Proposition. Note that if (n, g) ^ (6, 2) 
then the degrees of characters corresponding to the symbols in is smaller than 
D{n). We will prove by induction on > 6 that if x = X^'^ with is not in £„, 
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then > D{n). The induction base n = 6 can be checked easily by using [CH[ 
Table 27]. The rest of the proof establishes the induction step for n > 7, by means 
of induction on 6 > 0. 

2) Now we consider the case 6 = 0. Then a > 1 is odd. We may assume a > 3, 
and A ^ (0, 1, n), (0, 2,n — 1), (0, 3,n — 2). First we assume a = 3. If Ai = then 
X = {0, k,n + 1 — k), where 4 < A; < (n + l)/2; in particular, n > 8. In this case, 

1 (g2(fc+l) _!)... (g2n _ ^) (g^ - - - g^) 

^ ~ 2 ■ (g4 _ 1) . . . (g2(n-fe+l) _ 1) ^^^1 > 

2*^ 

Since 3<k — l<n — k, 2{k — l){n — k) > 6{n — 4) = — 24. Moreover, 
n-k + l> k. Therefore (g*^ - l)(g"-'=+i - l)(g"-'=+^ - g^')/(9^ - 1) > g^^-^g^'^ > g^°. 
It follows that > |g^"~^^g^° = g^""^V2 > D{n) as required. If Ai > 1, then 
X = {k,l,n + l-k-l) with l<k<l<n + l-k-l. Then 

1 (g2(fc+l) (g2(fc+/) _ (^^2(fc+«+l) _ 1) . . . (g2n _ 



2 (g2 - 1) . . . (g2' - 1) (g4 _ 1) . . . (^2{n+l-fe-/) _ 1) 

/„/ „fc\ / „n+l— fc— i „fc\ /„rt+l — fe— / „i\ 1 

W — g Jl,g — H JVl ~ H ) ^ 2kl 2{k+l-l){n-k-l) 2k+l 

g2-l 2^ ^ ^ ■ 

If (fc, /) = (!, 2) then A = (1, 2, n - 2) and 

(g2 - g)(g2n-2 _ i)(^2n _ i)(^n-2 _ g)(^n-2 _ ^2) 
2(g2 - l)2(g4 _ 1) 

for every n > 6. It remains to consider {k, I) ^ (1, 2). Then k + 1 > 4 and / > 3. It 
follows that 3 < k + I — 1 and 3 <l < n — k — I. Therefore, 2{k + I — l){n — k — I) > 
6(n — 4). So, in this case, > |g2fc'g6n-24g,2fc+z ^ ig^n-w and we are done. 

Now we may assume a > 5. 

Suppose that Ai > 1. Consider the unipotent character x' labeled by the symbol 
(^) of rank n — 1, where A' = (Ai — 1, A2, Aa). We have 

_ (g^2 _ gAi^ . . . (^^A, _ ^Ai) g2"-l g2(n-Ai) 

~ (gA2 _ gAl-1) . . . ^qXa _ gAl-1) ' g2Al _ ^ " ^ " 

Note that J^'^^i - (^)^ = " and hence n - Ai = A2 + ■ ■ ■ + A^ - > 
(a - l)Ai + ^ > 10. Therefore, > 9^72 > g^ It follows that > 

q'D{n — 1) > D{n). Now we may assume that Ai = 0. 

Next we assume that Aj — Aj„i > 2 for some i > 2. Consider the unipotent 
character x' labeled by the symbol (_) of rank n — 1, where A' = (Ai, Aj_i, A, — 
1, Aj+i, Aa). Similarly, we have > g2("~'^»)/2. By induction hypotheses, 

> D{n - 1). If n - Ai > 4 then > q'^D{n - 1) > D{n). Now suppose 
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n — Xi < 3. Note that Aj = (^)^ + ^- If « < a — 1 then Ao_i > n — 3 and 
Xa > n-2. Then (^^)^ + n > + 1 + ■ ■ ■ + (a - 3) + (n - 3) + (n - 2) or 

— 8a — 9 + 4n < 0. This is a contradiction because a > 5 and n > 7. Therefore 
i = a and we have + 1 + ■ ■ ■ + (a — 2) + Aa = (^^) + n. Since A^ > (n — 3), 

— 4a — 9 < and therefore a = 5. Then A = (0, 1, 2, 3, n — 2) and it is easy to 
check that x(l) > D{ri). Now we may assume A = (0, 1, 2, a — 2, a — 1). Consider 
X' = X'^'''"', where A' = (0, 1, 2, a - 4, a - 3), and = Note that a^ = 4n + 1 
and the rank of x' is n — a + 1. We have 

x(i) _ - - 1) n.>„-2,>.(g^ - g") _ 
x'(i) 2qi^-^')urJM''-i)ur=\(Q''-i) 

~ (g2 - l)...(g2(a-l) _ 1) ^ JLI ^i(^2(i+l) _ ■ 

Remark that 

11 gi(g2{m)_l) 11 + 1 -11 qi+l + l 
Therefore, 

X(l) g2(n-o+l)(a-l)^^a-l _ ^1-2)^4 

X^~ 2 ■ 

Since n > 7 and a^ = 4n + 1, n > 12 and a > 7. Then (n - a + l)(a - 1) > 6(n - 6). 
Hence, x(l)/x'(l) > g^^"~^^/2 > g''' and we are done. 

3) Prom now on we assume that 6 > 1. At this point we suppose that (Ai, /ii) ^ 
(1,0) and Ai > 1. Consider the character x' labeled by the symbol (^,) of rank 

n - 1, where A' = (Ai - l,A2,...,Aa) and //' = /i. If {^,) e >C„_i then e 

{ (n-2) ' 'o"^) ' C 2~^) ' C 1"^) } ■ ^^^y check that the degrees of characters 

corresponding to these symbols are greater than D{n). Now we can assume (^,) is 
not in We have 

X(l) _ - 1 A q^' - q^^ -A- q^"^ + q^' - 1 g2(n-Ai) 

X'(l) ~ _ I ■ 11 _ ■ 11 > 2(g2Ai _ 1) ^ 2 ■ 

i — 2 J — 1 

If n — Ai < 3 then Ai > n — 3 and we have n — 3 + r2 — 2 + ...+n + a — 4 + ^^^^ < 
(a+6^-1) _|_ rjnj^-g implies 4a(n — 3) + (a — 6)^ < 4n + 1 and therefore a(n — 3) < n. 
Since n > 7, a = 1 which leads to a contradiction since b > 1. Son — Ai>4. Then 
we have x(l)/x'(l) > x(l) > q^D{n — 1) > D{ri) as desired. 
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Similarly, for (Ai,/ii) 7^ (0,1) and fii > 1, we consider the character x' labeled 
by the symbol (\) of rank — 1, where A' = A and fi' = (yUi — 1, /i2, /i?,). If 

e then e (°T^), 7')^ (° ' V-')^ Again, it is easy 

to check that the degrees of characters corresponding to these symbols are greater 
than D{n). Now we can assume (^,) is not in Cn-i- We have 

_ g^" - 1 Y[ - (1^' TJ + - 1 g2(n-A.i) 

~ g^Mi _ 1 ■ 11 qH - gMi-i ■ 11 gA, _^ ^^1-1 ^ 2(g2Mi _ 1) ^ 2 ■ 

i — 2 i — 1 

If n — > 4 then > g"^ and > (fD{n — 1) > D{n) as desired. If 

n—fxi < 3 then /ii > n—3 and we have ^""7^"" +n—3+n—2+...+n+b—4: < — \-n. 
This implies 4b{n — 3) + (a — 6)^ < 4n + 1. So — 3) < n. Since n > 7, 6 = 1. 
Then we have (a — 1)^ < 13 and therefore a = 2 or a = 4. 

Case a = 4, b = 1 : Then Ai + A2 + A3 + A4 + /ii = n + 4. This implies /xi < n — 2. 
Hence (^) = (°^_^2^) or (°^_^3^). The degrees of characters corresponding to both 
these symbols are greater than D{n). 

Case a = 2, b = 1 : Since n—3 < fii < n and (^) is not in £„, we have (^) = (^_^3) , 

{n-3) ' (n-2) '^^ • Again, the degrees of characters corresponding to these symbols 
are greater than D{n). 

It remains to consider the case where (Ai,/ii) = (0, 1) or (1,0). 

4) Here we suppose that (Ai,/ii) = (1,0) but A 7^ (1,2,..., a). Then there exists 
an i > 2 such that Aj > Aj_i + 2. We choose i to be smallest possible. If a = 2 then 
6 = 1 and (^) = (^q") G £„. Hence a > 3. Consider the character x' labeled by the 

symbol (^,) of rank n — 1, where A' = (Ai, Ai_i, Aj — 1, Aj+i, \a) and /i' = /i. If 
(^,) G then can only be o"i~^)' '^'^^ degree of the corresponding character 
is greater than D{n). Now we can assume that (^,) is not in Cn-i- By induction 
hypothesis, x'iX) ^ -Dn-i- Set 

_ g^' - - TT ~ T -TT + 

1 11 oAi-l _ ^A,/ ' 2 11 ^A,, _ ^A.-l' 3 11„A,-1 

i'<i ^ ^ i'>i ^ ^ J ^ ^ 

Then x(l)/x'(l) = [(g^" - l)/(g^^' - 1)1^1X2X3 > g2(n~A,+i)/2 (see [TZTl p. 2121]). 
If n — Aj > 3 then x(l)/x'(l) > and therefore x(l) > D(?2) as desired. Now we 
assume n — Aj < 2. There are two cases: 

Case n — Ai = 2 : Then i > a — 1. Ifi = a — 1 then a — 6 = 1, a = n — 2 and 
(^) = (1 ■■■ '^"4 n-2 n-i^_ gj^^g n > 7, a > 5 and z = 6 > 4. It follows that Ti > q^, 

T3 > g^^^ > q^. Hence x(l)/x'(l) > g^°/2 > and we are done. If i = a > 3 then 
Ti > T2 = 1 and T3 > ^1^. Then x(l)/x'(l) > and we are done. 
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Case n — Ai < 1 : Then i = a and > n — 1. If A^ > n then A^ = n, a — 6 = 1 
and (J;) = (^o\' :..7-2")- Since (^) is not in £„, a > 4. We have 

= ff / - . X±i!:L^ = (gn+l)(gn-l_l) ^ ^^^^ 

If a > 5 then > and therefore we are done. If a = 4 then (^) = 

and > D{n). If Aq = n — 1 then we also have a — b= l and (^) = (g ^ "' ^Zj)- 

If a = 3 then (^) = 2^^)- Check directly we see that > D{n). If a > 4 then 

Ti > q"-^^ > q^, T2 = 1 and T3 > g^^^ > g^. So > Q'^ and we are done 

again. 

Similarly, suppose that (Ai,/ii) = (0,1) but fi 7^ (1,2,. ..,6); in particular, b > 2. 
Then there exists an index j > 2 such that /ij > + 2. We choose j to be smallest 
possible. Consider the character x' labeled by the symbol (^,) of rank n — 1, where 
A' = A and /i' = (/xi, fXj-i, fXj — 1, nj+i, If (^,) G £n-i then (^) can only be 

C \'3~^)' '^'^^ degree of the corresponding character is greater than D{n) and hence 
we are done in this case. Now we can assume (^,) is not in £„_i. Set 

q^^, „ gMy . . ^ -rr g^^' - q^' r/ = TT + 
^1 11 gM, -l _ qh' ' ^ 11 g^' - gM^-l ' ^ 11 g-^» + gM, -l ' 

Then x(l)/x'(l) = [(g^" - l)/(g^''^ - l)]UiU2U3 > g2(«-M.+i)/2 (see [TZTl p. 2122]). 
If n — fij > 3 then x(l)/x'(l) > and therefore x(l) > -Dn as desired. Now we 
assume n — fij < 2. There are two cases: 

Case n — /i j = 2 : Then j > b — 1. If j = 6 — 1 then a — b=l, b = n — 2 and 

= (1 ... n-4n-^n-i)- ^mce n > 7, 6 > 5 and J > 4. It follows that f/i > g'^^^, 

^3 > t -t^, ■ Hence x(l)/x'(l) > g*/2 > g^ and we are done. If j = 6 > 3 then 

Vi > q-^prr^, V2 = 1 and V3 > ^x^^r^- Therefore, x(l)/x'(l) > g'' and we are done 
again. If j = 6 = 2 then a = 3 or a = 5. In any case, Aq < 4 < n — 2. Therefore, 
in this case, f/i > g, f/2 = 1 and f/3 > g^. Then x(l)/x'(l) > q"^ and x(l) > -D„ as 
required. 

Case n — j = 1 : Then j = b and /i^ > n — 1. If /i;, > n then fif, = n, a — b = 1 
and (^) = 2° ^ fcl'l J- Since Q) is not in 6 > 3. We have 

x(i)_A + TT _ (g" + i)(g"-^-i) ^ 26-1 

X'(l) f^l^^'^ + g* fj-g""^-?' (g'^-^'-i + l)(g"-^ - 1) ^ 

If 6 > 4 then x(l)/x'(l) > g^ and therefore we are done. If 6 = 3 then Q) = (V2^n^)' 
In this case, x(l) > D{n). li ^i, = n — 1 then we also have a — 6 = 1 and ('^) = 
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(? 2 l-\ ^here n > 6+2. If 6 = 2 then Q = ( °^^J\) . Check directly we see that 

> D{n). If 6 > 3 then > q^-^ > g^, U2 = 1 and C/3 > q\ So x(l)/x'(l) > 
and we are done. 

5) Here we suppose that /ii — and A = (1,2,..., a). Consider the character x' 
labeled by the symbol 

'A'\ /O 1 2 ... a' 



of the same rank n, but with the parameters a' — a+1 and b' — b — 1. It is easy to 
see that (^,) is not in £„. So x'(l) > -^('^) by the induction hypothesis (on b). But 

x(i) nr=i(i+^) ^ nr=i(i+ 



so we are done. 

Similarly, suppose that Ai = and /j, — (1, 2, b) but A 7^ (0, 1, a — 1). Then 
there exists an i > 2 such that Aj > Aj_i + 2. We choose i to be smallest possible. 
Consider the character x' labeled by the symbol 

A'\ _ f^i ■■■ ^i-l Aj — 1 Ai+i ... Xa 
V t^l - t^b 

of rank n' = n - 1. If Q e then (^) is one of the symbols (° ^ ^^''-^) , (° . 

In this case, we can check that x(l) > D(ri). Now we can suppose that (^,) is not in 
We have ^ = ^ • l/iy2T^3, where 

q^i-q^i' _ -j-j- g^»' - g^' ^ tt g^' + g^^' 

j'<i ^ ^ i'>i ^ ^ j ^ ^ 

Note that > (g^> - l)/(g^'"^ - 1) > q, V2 > 1/2 and V3 > 1- So x(l)/x'(l) > 
q2{n-Xi)+i^2. If n — Aj > 4, then x(l)/x'(l) > g^/2 and we are done. Now we assume 
that n — Xi <3. Then i > a — 1. There are two cases: 

Case i = a - 1 : We have (a - 6)^ + 46 + 4Aa_i + 4Aa = An + 8a - 11. Since 
(a - 6)2 + 46 > 4a - 3 and Aa > a, Xa-i < n - 2. If Xa-i = n - 2 then A^ = a. It 
follows that a > n — 1 > 6. Hence, Vi > g"^^ > g"^ and we have 

XW 1 4 g"" - 1 . 7 

X'(l) 2%2n-4_l-?' 

SO x(l) > If Aa-i = n — 3 then Aa < a + 1. Then a+1 > n — 2 and therefore 
a > 4. Hence Vi > g""^ > g^. Again, we have 

x(i) ^ 1 2 9'" - 1 ^ 7 

X'(l) 2^ q2n-e_i -y 
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and we are done. 

Case i = a : Then (a - b)^ + Ab + AXa = An + Aa - 3. Therefore, (a - 6 - 2)^ = 
4(n -Xa) + 1. Since n - < 3, n - = or 2. If n - A^ = 2 then (a - 6 - 2)^ = 9 
and we have a — b = 5. In particular, a > 6. Then Vi > > q^. Moreover, in this 
case, V2 = 1 and V3 > 1. So > and we are done. If n — Aa = then 

a-6 = 1 or 3. In this case, Vi > V2 = 1 and V3 > g^"^ So > 
If (a, 6) = (4, 3) or (5, 2) then ('^) = (^^^^a^a") 1 2 3 • Checking directly we have 
> D{n). Otherwise, a + 6 > 9 and therefore > and we are done 

again. 

6) Finally, we consider the case where (^) = (° ^^2" '^b^\ Consider the character 
x' labeled by the symbol (^,) = i^^^ b~i) rank n — 1. Then we have 

X(l) _ g"+''-2(g2n _ ^2n _ ^ ^ 

7(1) " + ■ 

Note that (^,) is not in Cn-i- Therefore, > (fx'{^) ^ q^D(n — 1) > /^(r?,) as 

desired. □ 

Corollary 3.2. Let G* be either {Bn)ad{q) = S02n+i{q) or (C„)ad(g) = PCSp2n{q)- 
Suppose that n > 5 and x € Irr(G*) is unipotent. Then either x is one of characters 
labeled by (Y), (V), (V), ^^^/^ degrees 1, (g" - - g)/2(g + 1), 

(g" + l)(g" + g)/2(g+l), (g" + l)(g"-g)/2(g-l), (g"-l)(g" + g)/2(g-l), respectively, 
or > g^""^ 

Proof. If n > 6, Corollary comes from Proposition 13. 1[ The case n = 5 can be verified 
easily by using Table 26 of [CHj . □ 

3.2. Unipotent Characters of P(C02„(g)°). Proposition 7.1 in [TZlj shows that 
the projective conformal orthogonal group of type — , P(CO^„(g)°), has a unique 
unipotent character of minimal degree (g" + l)(g"~^ ~ g)/ (g^ ~ 1) and any other non- 
trivial unipotent character has degree greater than g^"~^. We mimic its proof and 
get Proposition 13.31 which classifies unipotent characters of degrees up to 

From |Clt p. 475, 476], we know that the unipotent characters of P{C02n{(l)'^) are 
labeled by symbols of the form 

A\ fXi A2 A3 ... Aa 



where < Ai < A2 < ... < A^, < fii < fi2 < ■■■ < fJ'b, ci > b, a — b = 2(mod 4), 
(Ai,/ii) ^ (0,0), and 



^A, + ^^j 



a + b 



n. 
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The integer n is called the rank of the symbol (^). The degree of the unipotent 
character x^'^ corresponding to the symbol (^) is equal to 

Proposition 3.3. Let G* = (^Dn)ad{q) = P{C02n{<l)°) ■ Suppose that n > 6 and x ^ 
Iti(G*) is unipotent. Then either x is one of the characters labeled by (°_"), (^l^^)? 
(° \ ") with degrees 1, (g" + — — 1), (g^" — q^)/{q^ — I), respectively, 

or > g4n-io^ Furthermore, when n = 5, G* has one more character of degree 
g^(g^ + l)(g^ + l)/(g + l) (corresponding to the symbol (^J^) ), which is less than 

Proof Denote = (°_"), (^r^), (° ^ if n > 6 and = (°_"), (^"J^), ("l"), 
"^^) if n = 5. We will prove by induction on n > 5 that if x = X^''^ (^) ^ ^n, 
then x(l) > g4n-io_ ^jj-^g induction base n = 5 can be checked easily by using |CH[ 
Table 31]. The rest of the proof establishes the induction step for n > 6. 

1) At this point we suppose that (Ai,/ii) 7^ (1,0) and Ai > 1 (eventually b may 
be zero). Consider the unipotent character x' labeled by the symbol (^,) of rank 
n-1, where A' = (Ai - 1, A2, AJ and /i' = fi. If Q e C^-i then {''^ = "J^) 
and therefore x(l) = (g^""^ - l)(g" + l)(g""^ - q^)/{q'^ - l)(g^ - 1) > So 
we can suppose that (^,) is not in Cn-i- By induction hypothesis, x'(l) > g"^*^""^)"^". 
Observe that n = Xlt -^i + Tlijl^j ~ (°+^) ^ ^jj^^ _|_ ("-^) _ Since a > 2 and 
a — b >2, 2Ai < n. Note that n > 6. It follows that Ai < n — 4. We have 

X(l) _ (g" + l)(g"-^-l) yr q^^-q^' YTj^^_+q^ 

X'{1) q'^^^ — 1 iigAi_gAi-l ii gAi-l _|_ g/ij 

i=2 J— 1 

(g" + l)(g"-i - 1) (g" + l)(g"-^ - 1) ^ 
2(g2Ai - 1) - 2(g2"-8 - 1) ^ ' 

and therefore x(l) > g^"~^°. 

2) Similarly, supposing (Ai, /Xi) 7^ (0, 1) and /ii > 1, consider the unipotent charac- 
ter x' labeled by the symbol (^,) of rank n— 1, where A' = A and /x' = (/^i— 1, /i25 •••5 A^). 

If (^',) G Cn-i then Q) = (°\""^) and therefore x(l) = (?" + l)(g""^ - l)(g"-^ - 
g)(g"~"^ + g^)/2(g^ — 1)^ > g^^-^o. So we can suppose that (^,) is not in £„_i. By 
induction hypothesis, x'(l) > g4(n-i)-io_ gg^ 



^1 -ll.A., 



j=2 
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Then, if n — //i > 4, 

X(l) _ + + ^ 

X'(l) _ 1 1 2 > 2(g2^i _ 1) > ^ • 

If n — /ii = 3 then 6=1 since 6/ii < n and n > 6. Then Ti = 1 and we still have 
Y§) > ^""^giiCi'"^^ > I* follows that > when > 3. If n-/xi < 2, 

then (^) = Checking directly, we again have > 

3) Now we consider the case where 6 = and Ai = 0. If a = 2 then we can suppose 
A = {k,n — k) with 3<A;<n — A;(A; = 2is considered already in 1)). Then 

^ (g"+i)(g-^-g^)nr="fe+i(g^^-i) 

> g"+'=-2g2(fc-l)(n-fc-l) y ^n+1^4n-16 ^ ^4n-10 

Now we may assume a > 6. First we suppose that A 7^ (0, 1, a — 1). Then there 
exists i > 2 such that Aj — Aj-i > 2. Consider the character x' corresponding to the 
symbol (^'), where A' = (..., Xi-i, Xi - 1, Aj+i, ...)• Note that n - A, > (a - 2)^/4 > 4. 
Therefore, x(l)/x'(l) > + - l)/2(g2^' - 1) > q^. The induction hypothesis 
X'(l) > 5''""^'' implies that x(l) > 

Next we suppose that A = (0, 1, a — 1). Then x(l) = + and n — a^/4, 

where 

{q' -l){q' -!)■■■ {q^'^'-^y^ - 1) no<.<.<a-i(5^ " 



(3.4) /(a) = 



for any even a. It is easy to show that /(a)//(a-2) > ga(a-i)(a-3)/2^26 > ^30^/4 ^ ^3n 
for a > 6. Furthermore, /(4) > 1. It follows that x(l) > g'^^^^o g^j^j g^^^g done. 
It remains to consider the case where h>l and (Ai,yUi) = (0, 1) or (1,0). 

4) Here we suppose that (Ai,/xi) = (1,0) but A 7^ (1,2,..., a). Then there exists 
i>2 such that Aj > Ai_i+2. Choose i to be smallest possible. Consider the unipotent 
character x' labeled by (^,) of rank n — 1, with A' = (Ai, Aj_i, Aj — 1, Aj+i, Aa) 
and jjt! — ji. By the induction hypothesis, x'(l) > Set 

-|-r g^^ - g^^' 7- / ^ TT g^'' - g^' /•/ = TT + 

i'<i i'>i ^ ^ j ^ 

If n — Aj > 3 then 

X(l) ^ (g" + l)(g»-i-l) (g" + l)(g"-i-l) 1 g"' + 1 

X'(l) g2A, _ 1 ^1^2ty3 > ^2A, _ 1 ^A,-l _ ^ 2 g^*-l + 1 

(g" + l)(g"-^ - l)g^ ^ (g" + l)(g"-^ - l)g^ , 
2(g2^' - 1) - 2(g2"-6 - 1) ^ ^ ' 
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SO > g'^""^°. If n - Aj < 2 then i = a. Note that n - Aj > 1. As 6 > 1, we have 
a > 3. Therefore 

^1 ^ 7Zr—] X/ 3^) ^2 - i, > 



It follows that 

X(l) ^ g" + 1 (g^° - g)(g^" - g^) g^° + 1 4 

~ g"-l + 1 ' (gAa-l _g)(gAa-l _^2) ' gA,-l + ^ ^ ^ ' 

so > g^"^-'^'' as required. 

5) Similarly, suppose that (Ai,/ii) = (0,1) but n 7^ (1,2,..., 6). Then there exists 
j >2 such that /Xj > + 2. Consider the unipotent character x' labeled by (^,) of 
rank n — 1, with A' = A and /i' = (/xi, fJ^j-i, — 1, A*j+i, /^b)- By the induction 
hypothesis, x'(l) > g''""^''. Set 



If n — yUj > 3 then 

X(l) _ (g" + l)(g"-^-l) ^,^,^, ^ (g" + l)(g"^i-l) g^^ - g 1 g^^ + 1 ^ 
X'(l) g^"^' - 1 ^ ^ ^ g2M,- - 1 ■ -q' 2' g/^^-1 + 1 

(g" + l)(g"-i-l)g=^ 4 
2(g2w - 1) ^ ^ ' 

so x(l) > g^^-io as desired. If n — /Xj = 2 then j — b and therefore ^2 = 1- We have 
x(l)/x'(l) > (g" + l)(g"~-^ — l)g^/ (g^''^ — 1) > g^ and we are done. Now suppose that 
n — iJ>j < 1. Then n — /ij — 1, a — b — 2, and 

'\\ _ /O 1 ... a-2 a - r 
~ Vl 2 ... 6 - 1 n - 1, 

As 6 > 2, we have a > 4. It follows that Vi > q, V3 > (g""^ + l)/(g""^ + 1) > g^- 
Hence x(l)/x'(l) > g^ ^iid we are done again. 

6) Here we suppose that fii = and A = (1,2,..., a). First we consider the case 
where ^ (0, 1, 6 — 1). Then there exists an index j >2 such that /ij > iij-i + 2. 
Consider the unipotent character x' labeled by (^,) of rank n — 1, with A' = A and 
ji' — {iJ,i, fij-i, fij — 1, /ij+i, /ife). Since Q,) is not in Cn-i, by the induction 
hypothesis, we have x'(l) > g^"""^^- Observe that n — iij > {a — b + 2)^/4 > 4. So we 
have 

X(l) _ (g'' + l)(g"~^ - 1) -i-r g'^^ -g^i' g^i' - g^'i -j-j- q^i + qt'j 

x'(l) ~ g^'^^' — 1 4 g'*^"'^ — g''-'' 4 ~ g''-'"^ g-^* + g''^"^ 
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2(g2M. -1) > ^ ' 

and hence > 

Next we consider the case where /i = (0, 1, 6—1). Observe that n = a+(a— 6)^/4. 
If 6 = 1 then n = {a + 1)^/4 and x(l) > (g" + l)/(a + 1) where / is the function 
defined in formula (13. 4p . Since n > 6, it follows that a > 7. We have already proved 
that /(a + 1) > g3n-io a > 5. Therefore > as required. Now we can 

assume b > 2. Consider the unipotent character x' labeled by (^,) of rank n — 1, with 
A' = (1, 2, a — 1) and fi' = (0, 1, 6 — 2). Since (^,) is not in Cn-i, again by the 
induction hypothesis, > q^^~^^. Furthermore, 

Consequently, x(l) > g*^"-io. 

7) Finally, we suppose that Ai = and = (1,2, ...,6). First we consider the 
case where A 7^ (0, 1, ...,a — 1). Then there exists i > 2 such that Aj > Ai„i + 2. 
Choose i to be smallest possible. Consider the unipotent character x' labeled by (^,) 
of rank n - 1, with A' = (Ai, Aj_i, Aj - 1, A^+i, A„) and ^' = fi. If (^i) G 
then = (^0 2n-i^ checking directly we have > g^"-"^'^. Therefore we 

can suppose that (^,) is not in £„_i. In other words, by the induction hypothesis, 
X'(l) > g^"-^^. Remark that n-Xi>0. Set 

yr q'^-q'^' ^^^TT^^l^ -pr g^-+g^^' 

Note that VTi > (g^' - l)/(g^'"^ - 1) > g, W2 > 1/2 and > 1. Therefore, if 
n — Aj > 3, 

xW _ (," + !)(,"- -1) fa" + Dfa-' - D-i > 

- 1 '"i'"2''''3 > 2(g2^. - 1) ^ ' 

SO x(l) > g4n-io_ If 1 < 72 _ _x . < 2 then either i = a or 

'A\ /O ... n - 4 n - 2 n - 1 



^/i/ \ 1 ... n — 3 

In the former case, 14^2 = 1 and we have 

X(l) ^ (g" + l)(g"-^-l) (gA. _ l)(g^' -g) g^' + g 
X'(l) ~ g2^^-l ' (g^»-i-l)(g^»-i-g) ' g^'-i + g ^ 
(g" + l)(g"-i-l) g2^'-g2 ^ 

> (g«-l + l)(g-2_l) ■ g2A,-2 _ ^2 > ^ ' 
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and therefore we are done. In the latter case, since n > 6, Wi > and we are done 
also. If n = Aj, then i = a, a — b = 2 and A = (0, 1, ...,a — 2,n). Since (^) is not in 



^n, 0, > A. Then we have 



X(l) 



a— 2 „ ,• a— 2 

n ^ n 



qn _|_ 



> q 



2(a-2) > ^4 



SO > 

The last configuration we have to handle is that A = (0,1,..., a — 1) and fi = 
(1,2, Consider the unipotent character x' labeled by (^,) of rank n — 1, with 

A' = (0, 1, a — 2) and /i' = (1, 2, 6 — 1) (if b = 1, fi' is just empty). By the 
induction hypothesis, x'(l) > 5'^"'"^^. Furthermore, 

X(l) g'^+^-2(g" + l)(g"-i- 



Consequently, x(l) > 



(g'^- l)(g^-i + 1) 



□ 



3.3. Unipotent Characters of P(CO^(g)°). Proposition 7.2 in [TZlj shows that 
the projective conformal orthogonal group of type +, P(CO^(g)°), has a unique 
unipotent character of minimal degree (g" — l)(g"'~^ + Q')/ {q"^ ~ 1) and any other non- 
trivial unipotent character has degree greater than g^"~^. We mimic its proof and 
get Proposition 13.41 which classifies unipotent characters of degrees up to g4n-io_ 

From [Cll p. 471, 472], we know that the unipotent characters of G are labeled by 
symbols of the form 

'AA ^ /Ai A2 A3 ... A,^ 

where < Ai < A2 < ... < Xa, < fii < fi2 < ■■■ < fJ'b, 0, — b = O(mod 4), 
(Ai,/ii) (0,0), and 

1/^,1. 1 \ 2" 

^A, + ^/ij - 



a + b-1 



n. 



The integer n is called the rank of the symbol (^). The degree of the unipotent 
character x'^'^ corresponding to the symbol (^) is equal to 



fa + b-2\ 

2^qy 2 ) 



Here c = (a + 6 — 2)/2 if A 7^ /i, and c = a if A = /i. In the former case, (^) and (^) 
determine the same unipotent character. In the latter case, there are two unipotent 
characters with the same symbols. 
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Proposition 3.4. Let G* = (DrXdiq) = P(COj„(g)°). Suppose that n>5, {n,q) ^ 
(5,2), and X ^ Irr(G*) is unipotent. Then either x is one of characters labeled by , 
(V)' (?n) degreesl, + (g2n_^2)/(^^2_^)^ respectively, 

or > g4n-io^ Furthermore, when {n,q) = (5,2), G* has one more character of 
degree 868 (corresponding to the symbol (° ^^), which is less than g^n-io^ 

Proof. When n = 5, Proposition can be verified directly by using [CHt Table 30]. 
Denote = {{{n), (0)}, {{n—1), (1)}, {(0, 1), (1, n)}}. We will prove by induction on 
n>5 that if x = X^''^ and {A,/i} ^ £„, then x(l) > provided (n, g) 7^ (5,2). 

The rest of the proof establishes the induction step for n > 6. 

1) At this point we suppose that (Ai, fii) 7^ (1, 0) and Ai > 1 (eventually b may be 
zero). Consider the unipotent character x' labeled by the symbol (^,) of rank n — 1, 
where A' = (Ai - 1, A2, A,) and /i' = fi. If {A,/i} G Cn-i then Q) = („y or (%"-^) 
and therefore x(l) > 5^"-"^°. So we can suppose that (^,) is not in By induction 
hypothesis, x'(l) > g^^^-^^^io. The condition n = ^ ■ A^ + ^-fij - ("+fe)'-2(a+b) ^ 
aAi + implies that n — Ai > 0. If Ai < n — 4 then 

X(l) ^ (9"-l)(g"-^ + l) A A + ^ 

i — 2 — 1 

(g" - l)(g"-^ + 1) ^ (g" - l)(g"-i + 1) , 

so x(l) > g^"-io. If n - Ai < 3 then a = 1 and (a - 6)74 < 3. Since a-b = O(mod 
4), a = 6 = 1. Note that {A,/i} is not in So (j^) = ("2^) or ("3^). Checking 
directly, we have x(l) > g4»^-io required. 

The case (Ai,/ii) 7^ (0, 1) and ^1 > I can be reduced to 1) by interchanging A and 

2) Now we consider the case where 6 = and Ai = 0. Then a = O(mod 4). First 
we suppose that A 7^ (0, 1, a — 1). Then there exists i >2 such that Aj — Aj_i > 2. 
We choose i to be smallest possible. Consider the character x' corresponding to the 
symbol (^), where A' = (...,Ai_i,Aj — l,Aj4.i,...). Note that n — \i > (a — 2)^/4. 
Therefore, x(l)/x'(l) > (g" + l)(g""^ - l)/2(g2^> - 1) > g^ if a > 8. It is obvious that 
(^) ^ Cn-i- If {n, q) = (6, 2) and A' = (0, 1, 2, 5) or (0, 1, 3, 4), we can check directly 
that x(l) > g4"^io. Otherwise, the induction hypothesis x'(l) > g^""^^ implies that 
X(l) > g4"-io. If a = 4 and n- Ai > 3, then again x(l)/x'(l) > g^ so x(l) > g^^-^o. 
If a = 4 and n — Xi < 2, then i = a and A = (0, l,2,n — 1). Direct computation 
shows that x(l) > q^"-~^^ and we are done. Next we suppose that A = (0, 1, a — 1). 
Then x(l) = (g" — l)/(a) and n = a^/4, where /(a) is the function defined in (13. 4p . 
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Note that n > 6, so a > 8. We already showed that /(a) > g^" for a > 6. Hence, 
x(l) > as desired. 

Again, the case a = and /^i = can be reduced to 2) by interchanging A and 
II. Therefore, it remains to consider the case where a,b> 1 and (Ai,//i) = (0, 1) or 
(1, 0). By a similar reason as above, it is enough to suppose that (Ai, //i) = (1, 0). 

3) Here we suppose that A 7^ (1,2,..., a). Then there exists i > 2 such that 

Aj > Aj-i + 2. Choose i to be smallest possible. Consider x' labeled by (^,) of rank 
n — 1, with A' = (Ai, Aj_i, Aj — 1, Aj+i, Aa) and /i' — /i. By induction hypothesis, 
X'(l) > g^"-^^. Set 

^ XX qXi—i — Q^i' ' ^ XX — ' ^ XX qXi—i _j_ ^/^j 
If n — Aj > 2 then 

X(l) ^ + + 1 g"' + 1 

X'(l) g2A, _ 1 UlU2Us > ^2A, _ 1 • qX.-l - g ' 2 ' g^^l + 1 

2(g2A, _ 1) - 2(g2n-4 _ 1) > ^ ' 

so x(l) > g^"-i°. If n - Ai < 1 then i = a = b. Note that n - A^ > 0. If n - A^ = 1 
then 

'A\ _ A 2 ... a-1 n - r 
ji/ \ 01. ..a — 2a 
The case a = 2 can be checked directly. So we can suppose a > 3. Then 

...... g"'^ + 1 

' - (g"-2 - g) (g-2 - g2) ' g-2 + 1 ' 

It follows that 

> g"-l (g""l -g)(g"^l-g2) g"-l + 1 ^ 
X'(l) - g"-i - 1 ' (g"-2 - g)(g"-2 - g2) ' qn-2 + i ^ ^ ' 
so x(l) > g^"~^° as required. If n — A, = then 

'A\ _ / 1 2 ... a - 1 n 
^li) ~ \0 1 ... a-2 a-1 
Since {A,/x} is not in £„, a > 3. Then 

x(l) ^ (g" - l)(g"-' + 1) (g" - g)(g" - g') (g" + l)(g" + g)(g" + g' 



X'(l) ~ g2"-l (g"-l - g)(g'^-l - g2) (gn-l _^ l)(gn-l _^ ^)(^n-l _^ ^2) 

(g" - g) (g" - g^) (g- + g) (g" + g2) ^ 



(g"-i - g) (g"-i - g2) (g"-i + g) (g"-i + g2) 
and therefore x(l) > q^'^"^^- 
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4) Finally, we suppose that /^i = and A = (1, 2, a). First we consider the case 
where /i ^ (0, 1, — 1). Then there exists an index j > 2 such that \ij > + 2. 
Consider the unipotent character x' labeled by (^,) of rank n — 1, with A' = A and 

H' = {ni, fij -1, fij+i, Hh)- If {A',/x'} e Cn~i then Q^) = (^^"a^) and hence 
x(l) > by direct computation. Therefore we can assume {A',/x'} is not in 

By the induction hypothesis, > Set 

g^^ - T/ ^ TT g^^' " y _ TT 9^' + g^^' 

^1 11 .M.-l _ ' ^ 11 (7^' - gM.-l ' ^3 1 1 .A, + M.-l • 

Remark that Vi > g, V2 > 1/2, V3 > 1 and n — > 1. If n — fij > 3, we have 

X(l) (g"-l)(g"-^ + l) (g"-l)(g"-i + l)g (g" - + l)g 4 

so > g4n-io^ If n - /ij = 2 then j = b and V2 = 1. We still have > 
(g"" — + — 1) > g^ and we are done. The last case we need to handle 

is n — fij = 1. Note that j = b and V2 = 1 in this case. If 6 > 3 then 

^ (g"-i-l)(g"-i-g) g(g"-i - g) ^ g"-^ + g 

It follows that 

X(l) (g"-l)(g"-^ + l) g(g"-^ - g) g"'^ + g 4 
g2" - 1 ' (g""2 - g) ' g"-^ + g ^ ' 

so > g^"-io. If 6 < 2 then a = 6 = 2 and Q) = (oi,!i), hence > g^"-i°. 

Next we consider the case where = (0,1,. ..,6 — 1). Consider the unipotent 
character x' labeled by (^,) of rank n—1, with A' = (1,2,..., a— 1) and jj,' = (0, 1, b— 
2) (if a = 1, A' is just empty; if 6 = 1, /i' is just empty). It is obvious that {A',/i'} is 
not in Cn-i and therefore x'(l) > g^"-!^ by the induction hypothesis. Furthermore, 



X(l) g'^+^-2(g"-l)(g"-i + l) 



> g2"-3 > q\ 



X'{1) (g--l)(g^-i + l) 

Consequently, x(l) > g4"--io_ □ 

4. Odd characteristic symplectic groups 

The low-dimensional unipotent characters of G = Sp2n{,<i), <i odd (up to degree 
(g2"-2 - l)(g2" _ l)(g"-2 - l)(g"-2 _ g3)/2 (g2 _ i)(g4 _ i)(^3 ^ g^^g already 

classified in Proposition 13. 1[ Therefore, Theorem 1 1.1 1 will be proved if we can classify 
non-unipotent characters of G of degrees up to g4"-iO(^g" _ l)/2. We know that the 
dual group of G is G* = S02n+i{<i) and every non-unipotent character x ^ Irr(G) is 
parameterized by a pair {{s),il)) where (s) is a nontrivial geometric conjugacy class 
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of a semi-simple element s G G* and tp is an irreducible unipotent character of the 
centralizer C := Cg*{s). Moreover, x(l) = {G* : C)piip{l). 

Proposition 4.1. Let G — Sp2n{Q) where n > 6 and q is an odd prime power. 
Suppose that a,ai,a2 = ± and x ^ Irr(G') is not unipotent of degree less than 
qAn-io^qU _ 1^2. Then one of the following holds: 

1) = (g'"-' - - l)/\A\p', where A = GL^q), Z,2_„, or Z,_„, x 

X is parameterized by ((s), 1^), where C ~ S02n-2,{(l) x A or 
= q{q^'^~'^ — — ~ ~ 1); o.'i^d x is parameterized by 

((s), l502n-3(g) ® where G ~ S02n~3{q) x GL^i^q) and A ^/le unique 
nontrivial unipotent character of degree q of GL2{q) . 

2) = (g"^^ + Q;i)(g^" — l)/2(g — 02), and x is parameterized by ((s), A ® 
Izq.c ); where G ~ 02^_2(q') x Zg-^j anc^ A is one of two extensions of 
^so2_,(,) to 02"^_2(g). 

3) x(l) = {(f'^ — l)uj{l)/{q — a), andx is parameterized hy {{s),uj®li^_^), where 
C ~ S02n-i{(l) X ^g-Q o,nd ijj is one of unipotent characters of S02n-i{q) 
of degrees 1, - - q)/2{q + 1), (g^^-^ + + g)/2(g + 1), 

+ l)(g"-^ - q)/2{q - 1), or {q''-^ - l)(g"-i + q)/2{q - 1). 

4) = — l)(g^" — l)/2(g — ai){q — 0.2), and x is parameterized by 
((s),A(8) l502n-3(9)xz,_„J, where G ~ 02'(g) x S02„-3{q) x Z^-^j anc? A is 
one of two extensions 0/1502^9) ^2^?)- 

5) x(l) = (9^" ~ l)^(l)/2(g — tt), andx is parameterized by ((s), (g) A), where 
C ~ 5'02n-i(?) X 02(g); d; is one 0/ unipotent characters of S02n-i{q) of 
degrees 1, (g"-^ - l)(g"-i -g)/2(g + 1), (g"-i + l)(g"-i + g)/2(g + 1), (g'^-^ + 
l)(g"-^ - g)/2(g - 1), or (g"-^ - l)(g"-^ + g)/2(g - 1), and A is one of two 
extensions oflso^{q) to 02(g). 

6) x(l) = (?" + l)^(l)/2, and X is parameterized by ((s), A), where G ~ 0^(g) 
and A is an extension of one of three unipotent characters of 50^ (g) of 
degrees I, (g" - l)(g"-^ + q)/{q^ - 1) or (g^" - g2)/(g2 - 1) to 0+ (g). 

7) x(l) = (?" ~ l)'^(l)/2, owe? X is parameterized by ((s), A), where C ^ 0^„(g) 
anrf A is an extension of one of three unipotent characters of S02n{Q) of 
degrees 1, (g" + l)(g""^ — g)/(g^ — 1) or (g^" — q^)/{(f — 1) to 02n{q)- 

8) x(l) = (g"'~"^+Q;)(g^'* — l)ci;(l)/2(g^ — 1), and x is parameterized by {{s),uj^\), 
where G ~ S03{q) x 02„_2(?); <^ = lso3(q) or the unique nontrivial unipotent 
character of degree q of SO^{q), and A is one of two extensions of lso§ _2(g) 

9) x(l) = (Q'^" ^ — l)(g^" — l)A(l)/2(g^ — l)(g^ — a), and x is parameterized 
by ((s), lso2n-3iq) ® -^)' "f^here G ~ S02n-z{(l) x 04(g) ano? A is one of two 
extensions oflso^ig) or the unique unipotent character of degree (f of S02{q) 
to 04(g) or A is the unique unipotent character of degree 2g of 0'l{q). 
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Proof. For short notation, we set D{n) := (g" — l)g^"~^°/2. By Lemma [2l2l C ~ AxB 
where A ~ IlLi ^-^"i (^'^O; cuih G N, = ±1, Yll^iho-i = n — m and B = 
S02k+i{<i) X 02m-2fc(?)' < < m < n. It is easy to show that \B\pi < Y\d=iiq^^ ~ -'-) 
and \A\p, < nr=r(?* - (-1)0 • Therefore, 

- 1) ■ ■ ■ (g2n _ 

>7 tt:-^^ 7 7 — r:=/("^,^)- 

— /„. ^ "1\ / „.r) — m I "1\r) — m \ >> \ ' / 



1) Case m < n — 3. Since the function /(x, n) is first increasing and then decreasing 
in the interval [0, n], we have /(m, n) > min{/(0, n), f{n — 3, n)}. It is easy to check 
that both /(0,n) and f{n — 3,n) are greater than D{n). 

2) Case m = n— 2. First we suppose that k = n—2. Then x(l) = -^^^ — zJ.^(^iy 

where A = G'Lf(g), or GL^'H?) x GL'^^{q), a,ai,a2 := ±l' and ^ is 

a unipotent character of C = S02n-3{q) x ^- Suppose that ip = u <^ X where 
uj,X are unipotent characters of S02n-3{<l), A, respectively. If u is nontrivial then 
u{l) > _ i)(g«-2 _ g)/2(g + 1) by fmi Proposition 5.1]. Then 

2(g+l)2(g2_l) 

If uj is trivial then 1) holds since GL'^{q^) or GL"^ (g) x GL"^ (g) has only one unipotent 
character, which is trivial, while A = GLg (g) has two unipotent characters, the trivial 
one and the one of degree g. 
Next, we consider k = then 

Finally, ifl<A;<n — 3, we have 

(g^"-^-i)(g^"-i) nr=t+i(g^^-i)-(g"'^'^-i) 

^ (g^" ^ — l)(g^" — 1) ^ 2k{n-2-k)/ n-2-k _ -r \ 

(g + l)(g2-l) '2^ ^ 

(g + l)(g2-l) 2^ 

3) Case m = n — 1. Assume k = 0. Then = -^^^ — 2{q-al) where is a 
unipotent character of G ~ 02^_2(g) x GLf (g) = (502^_2(g) -2) x GL'^^q), ai, ^2 = 
±1. Note that GL'^'^{q) ~ Z^-cj has only one unipotent character, which is the trivial 
one. Suppose that ijj is an irreducible constituent of (c<j)'^'^2n-2(9)-2 ^ lg^Q2(g-) where ui 
is a unipotent character of 5'02^_2(g). By Proposition 12.11 the unipotent characters 
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of S0f^_2{q) are of the form 9 o f ^ where 6 runs over the unipotent characters of 
-P(^^2n-2(5')°) ^iid / is the canonical homomorphism / : 5'0^_2 — > P(C0^_2(g)°). 
In particular, degrees of the unipotent characters of 5'0^_2(g) are the same as those 
of P(C0j„_2(g)°). Therefore, by Propositions 7.1, 7.2 of [TZl], if uj is nontrivial then 

x(i) > + . + ^ . 

2(g -a2) -1 

Suppose that u is trivial. Since {Iso^^ 2(9))*^^""^^'^'* the sum of two different irre- 
ducible characters of degree 1, 02n-2{q) has two unipotent characters of degree 1. 
So, in this case, ■?/' = A ® ^cL^^iq) where A is one of two extensions of l^o^i (g) to 
^2n-2(?) therefore 2) holds. 

Assume k = n — 1. Then = ^^z^^(l)) = ±1, where V is a unipotent 

character of S02n-i{q) x GLf{q). Again, we have ip = u ® ^GL^{q) where is a 
unipotent character of S02n-i{q)- By Corollary 13. 2^ u is either one of characters of 
degrees 1, - -g)/2(g+ 1), (g"-i + l)(g"-i + g)/2(g+l), (g"-i + - 
q)/2{q - 1), - + g)/2(g - 1) or cj(l) > g^"-^^. In the former case, 3) 

holds. In the latter case, > ^^^-^0''^"^^^ > D{n). 

Assume k = 1. Then 

(qn-2 _ l)(q^n-2 _ 2n _ 

Assume k = n — 2. Then 

C 2n-2 _ 2n _ 

2{q - ai){q - (X2) 

where ■?/' is an irreducible unipotent character of C ^ S02n~z{(i) ^ ^'2^(5) x GL"^{q), 
«!, a2 = ±. Note that both 5*02 ^5')) and GL"^{q) have only one unipotent character, 
which is the trivial one. Therefore, ip = u ^ X ^ where u; is a unipotent 

character of S02n-3{q) and A is one of two extensions of l^o^ij-^) to 02^ (q). If u is 
trivial then 4) holds. If uj is nontrivial then uj{l) > (g"'"^ — l)(g"'~2 — q)/2{q + 1) by 
Proposition 5.1 of |TZlj . Then, 

' - 2(g+l)2 2(g+l) ^ ^ 

Finally, assume 2 < A; < n — 3. We have 

„2n _ 1 / 2(fc+l) _ 1 \ . . (f.2{n-l) _ 1 N 
' - q+1 2(g2 - 1) . . . (g2(n-l-fc) _ 1) W ) 

> . 1^2fe(n-l-/c) . ^^n-l-fc _ ^) > . lg4(n-3) . (^2 _ ^) > 

g+12 g+12 
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4) Case m = n. Since x is not unipotent, k < n. We have 



where is a unipotent character of C ^ 5'02A;+i(q') x 02('n-fc~)(9')' ~ ^(-'-) ^ 



2(n-fc)\ 

Assume = n — 1. Then = We have ip = cu \, where is a 

unipotent characters of S02n-i{(l) and A is one of two extensions of 15021(9) ^'^ ^2^?)- 
By Corollary l3.2l u is either one of characters of degrees 1, (g"^^ — l)(g"^^— g)/2(g+l), 
(g"-i + l)(g"-i+g)/2(g+l), (g"-i + l)(g"-i-g)/2(g-l), (g"-i-l)(g"-i+g)/2(g-l) or 
> q^^~^'^ . In the former case, 5) holds. In the latter case, x(l) > 2(qE^<f^~^'^ > 
D{n). 

Assume k = 0. Then = " ^" ip{l), where is a unipotent character of 

C ~ 02n{q) = S02n{q) ■ 2. Suppose that is an irreducible constituent of u'^ , 
where ip is a unipotent character of S'02„(g). We have u = 6 o f where / is the 
canonical homomorphism / : SOf^{q) P{CO^^{q)'^) and ^ is a unipotent character 
of P(CO^(g)°). There are two cases: 

Case a = + : By Proposition 13. 4[ 6 is either one of characters of degrees 1, (g" — 

= ^V^(l) > ^^(1) > > DH. 



In the former case, by |STj . the character afforded by the rank 3 permutation module 
of 0^(g) on the set of all singular 1-spaces of F^" is the sum of three unipotent 
characters of degrees 1, (g" — l)(g"~^ + g)/(g^ — 1), and (g^" — g^)/(g^ — 1). Hence, 
6) holds in this case. 

Case a = — : By Proposition 13.31 6 is either one of characters of degrees 1, (g" + 
l)(g"-i - q)/iq^ - 1), (g^" - - 1), or ^(1) > g^"-i°. In the latter case, 

= ^^(1) > ^^(1) > ^9'"-^° = D{n). 



In the former case, again by |ST] . the character afforded by the rank 3 permutation 
module of 0^„(g) on the set of all singular 1-spaces of F^" is the sum of three unipotent 
characters of degrees 1, (g" + l)(g"""'^ — g)/(g^ — 1), and (g^" — g^)/(g^ — 1). Hence, 
7) holds in this case. 

Assume k = 1. Then x(l) = — — ~2{q^-i) '^"^ '^i'^)^ where ip is a unipotent character of 
C ~ 5*03 (g) X 02n^2{l)- Suppose that ip is an irreducible constituent ofu®(p'-' where 
uj, ip are unipotent characters of 5'03(g), S02n-2{'l)y respectively. Let us consider the 
first case where ip is nontrivial. Then by Propositions 7.1, 7.2 of [TZlj . we have 
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xm > (.--i)to"---j)fa---'^H-i)fa"---.) , B,„)^ 

Now suppose (f = lsof„_2{g)- Since SOs^q) has two unipotent characters, the trivial 
one and the unique nontrivial unipotent character of degree q, 8) holds in this case. 
Assume k = 2. Then 

Assume k = n — 2. Then 

where ip is a unipotent character of C ~ S02n-3{q) x 02{q),a = ±. Suppose that 
ijj is an irreducible constituent oi to ® ^9*^4(9)^ where uj,Lp are unipotent characters 
of S02n-3{q), S02{q), respectively. If u is nontrivial, by Proposition 5.1 of |TZlj . 
> - l)(g"-2 - q)/2{q + 1) and therefore 

4(g + l)(g4-l) 

Now we assume uj = lso2„-a{g)- There are two cases: 

Case a = + : Let V := M2x2{^q) be the space of 2 x 2 matrices over F^. Then V is 
a vector space over of rank 4. The determinant function Q{M) = det(M), M & V 
is a quadratic form on V with Witt index 2. So the group of linear transformations 
V ^ V preserving Q will be Of{q). Consider an action of group GL2{q) x GL2{q) 
on V by t{A,B){M) = A'^MB. We see that t{A,B) preserves Q if and only if 
det(A) = det(-B), and t(A, B) is the identity if and only if yl = S is a scalar matrix. 
Moreover, t{A,B) has determinant det(A)~^det(-B)^, which is 1 when det(A) = 
det(-B). Therefore, we have a homomorphism 

T ■ {SL2{q) ^ SL2{q)) -12 ^ SOtiq), 

where Z2 is generated by 

^ _ f f-l 0\ f-l & 



ly ' V 1 

We have Ker(p) = Z2, which is generated by (— /, — /). Therefore, {{SL2{q) x SL2{q))- 
Z2)/Z2 ~ 2 ■ {PSL2{q) X PSL2{q)) ■ 2 is a subgroup of SOt{q). Since |2 • {PSL2{q) x 
P5L2(g)) ■ 2| = |^04+(g)| = q^q"" - 1)^, 2 ■ (P5L2(g) x PSL2{q)) ■ 2 ~ 50+(g). 
We denote by Li,L2 the first and second terms respectively in PSL2{q) x PSL2{q). 
Note that P(COj(g)°) as well as SO^{q) have four unipotent characters of degrees 
1, g, g, g^. Since PSL2{q) has only one character of degree q which is denoted by fj,i 
for Li and /X2 for L2 and [/ fixes Li and L2, the unipotent characters of SO^{q) must 
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be extensions of characters 11^ ' A^i ® ' l^i ® and /ii ® yU2 which are considered 
as characters of 2 ■ (Li x L2). 

Consider the transformation T : V ^ V defined by T{M) = M^, the transpose of 
M. It is clear that T preserves Q and therefore T G 0^{q). Moreover det(T) = — 1. 
So Otiq) = 50|(g)x <T >. We have T-^t{A, B)T{M) = B^M{A^)~^ for every 
A,Be GL2{q). So T fixes /ii ® /i2 and maps one of {fj,i ® 1^2, 1li ® to the other. 
In other words, the unipotent character of degree of SO^{q) has two extensions 
to Of{q) and the inductions of two unipotent characters of degree q of SOf{q) to 
Of{q) are equal and irreducible. So 9) holds in this case. 

Case a = — : Note that SO^{q) as well as P{CO^{q)'^) have two unipotent char- 
acters of degrees 1, g^. It is well known that SO^{q) ~ PSL2{q^) x 2i and (Oj(g) = 
{PSL2{q^) X 2i) ■ 22 ~ 2i X {PSL2{q^) ■ 22), where 22 acts trivially on 2i. Since 
PSL2{q^) has only one irreducible character of degree q^ which is unipotent, the 
unipotent character of degree q^ of 5*0 J (g) is invariant in Therefore, 0^{q) 

has two unipotent characters of degree g^. So 9) also holds in this case. 

Lastly, we assume 3 < k < n — 3. Then 



Counting semi-simple conjugacy classes in G* = S02n+i(q): In Proposition l4.1l 
and its proof, we have not shown how to count the number of semi-simple conjugacy 
classes (s) in S02n+i{q) for a certain C := Cg*{s), which will imply the number of 
irreducible characters of Sp2n{q) at each degree. Actually, the way to count them 
is pretty similar in all the cases from 1) to 9) in Proposition 14.11 First, from the 
structure of Cg*{s), we know the form of the characteristic polynomial as well as the 
eigenvalues of s. In general, we have 



By |Wlt (2.6)], if —1 ^ Spec(s), there is exactly one 02n+i(g)-conjugacy class of semi- 
simple elements (s) for a given Spec(s). This class is also an 5'02n+i (g)-conjugacy 
class since (02n+i(g) : C'o2„+i(g)(-5)) = (5'02n+i(g) : C'502„+i(g)(-s)) (see Lemma 
The situation is a little bit different when — 1 G Spec(s). In that case, again by [Wlj 
(2.6)], there are exactly two 02n+i(g)-conjugacy class of semi-simple elements (s) 
for a given Spec(s), in which Co2„+i(g)(s) ~ 02k+iiq) x ^^^.^^(g) x ULiGL^Hq'"') 
(+ for one class and — for the other). These classes are also S'02„+i(g)-conjugacy 
class by the same reason as before. So, in order to count the number of semi-simple 



> o5 




□ 



Spec(s) = {!,... ,1,-1,..., 




-1 



}• 
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conjugacy classes (s) with a given centralizer C, we need to count the number of 
choices of Spec(s). This is demonstrated in Tables 2, 3. 

We finish this section by two following Corollaries of Theorem 11.11 

Corollary 4.2. Let x be an irreducible complex character of G = Sp2n{(l), where n > 
6 andq is an odd prime power. Thenxi^) = 1 A character), (g"±l)/2 (A characters), 
(g" + + a2q)/2{q + ai^s) (4: characters) (ai,2 = ±1), (g^" - l)/2(g ± 1) (4 

characters), (g^" — l)/(g±l) (q — 2 characters), orx(l) > (g^" — l)(g"^^ — g)/2(g^ — 1). 

Corollary 4.3. Let x be an irreducible complex character of G = Sp2n{<l), where n > 
6 andq is an odd prime power. Thenxi^) = 1 A character), (g"±l)/2 (4 characters), 
(g" + ai){q'^ + a2q)/2{q + aiOa) (4 characters) (ai,2 = ±1), {q^"" - l)/2(g ± 1) (A 
characters), (g^"- — l)/(g ±1) fg — 2 characters), {q^"^ — l)(g"'~^ ± q)/2{q^ — 1) (A 
characters), (g^" - l)(g"-i ± l)/2(g2 - 1) (A characters), (g^" - l)(g"-i ± l)/2(g ± 1) 
C4g - 8 characters), (g^" - g^)(g" ± l)/2(g^ - 1) (A characters), q{q'^'^ - l)(g""^ ± 
l)/2(g2 - 1) (A characters), or x(l) > (g^" - l)(g"~^ - l)(g"-^ - g2)/2(g^ - 1). 
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Table 1. Low-dimensional unipotent characters of Sp2n{c[), n > 6, q 
odd. See §3.1 for the explanation of notation. 

Characters Symbols Degrees 



X2 

X3 

X4 

X5 

X6 

X7 

X8 

X9 

XlO 

Xll 

Xl2 

Xl3 

Xl4 



1 (g"- l)(g"-g) 

2(g+l) 

2(g + l) 

2(g-l) 
(g"-l)(g" + g) 

2(g-l) 







- q') 


(^2n_ 


2(g4 - 1) 
l)(g"-i + l)(g'^- 


-' + q') 




2(g4 - 1) 


- e) 


(^2n_ 


2(g2 - 1)2 

l)(g"-l _ l)(gn- 


+ q') 


g(g2n . 


2(g2 - 1)2 

_l)(^2n-2_^2) 




(^2n_ 


(g2 - 1)2 

g2)(g«- l)(g"- 





2(g4 - 1) 

2(7^^T) 
(g2"-g2)(g" + l)(g^-g2) 

2(g2 - 1)2 
(g^"-g^)(g"-l)(g'^ + g^) 
2(g2 - 1)2 



Table 2. Low-dimensional irreducible characters of Sp2n{<l)i n >6, q odd. See §2.1 and Proposi- 
tion 14.11 for the explanation of notation. 



Spec(s) 



of characters 



o 



M 

CO 



> 
f 

Q 
O 

i-i 

M 
X 

a 



{l,•••,l,7^7 ^7^7 

A; e Ti 



1 



(g^*"-^ - l)(g^" - 1) 
q-l){q\-lY ~ 



{q - 3)/2 



. -'^"'^-^y"-^^ (.-3)/2 



S02n^M X Gf/2(g) 



1 



(g + i)(g2-i) 



(?-l)/2 



{q + l){q\-l) 



{q - 1)/2 



2n — 2 



{l,...,l,^^^5^e-^e-«} 

jei?2 



502„-3(g) X 



(g - 1)74 



2n — 2 



{l,...,l,c^c^c-^c-^n 



502„-3(g) X GU,{q^) 



- l)/4 



{l,...,l,7^7 ^7^7 '} 

k,l ETi,ky^l 



S02n~M X G'Li(g) X G'Li(g) 1 



km 



(g-3)(g-5)/8 g 



2n — 2 



o 

(g-l)(g-3)/8 S 
g 

(g-l)(g-3)/4 h 



k,l eT2,kj^l 



S02n-?Xq) X Gf/i(g) x 1 



2n— 2 



k±il 



{1, 7^7 

keTi,leT2 



S02n-M X GLi(g) X 1 



{l,-l,...,-l,7^7-'=}, A;gTi 02V2(9) X G'Li(g) 



1 



(g^"-l)(g"-^ + a) 



2(g-3) 



2(9+1) ^ 



Q 
t-l 

o 
o 

ID 



{l,-l,...,-l,r7^r/-n, fcGTa 02V2(9) x Gf/i(g) 



{l,...,l,7^7-n, fceTi 



502„-i(g) X GLi(g) 



a^"- 1 



(g-3)/2 



{l,...,l,r/^r/-'^}, A;Gr, 



502„-i(g) X GUM 



q + l 



{q - 1)/2 



Table 3. Low-dimensional irreducible characters of Sp2n{<l)i n > 6, q odd. See §2.1 and Proposi- 
tion 14.11 for the explanation of notation. 



Spec(s) 




Cg4s) 


^(1) 


x(i) 






jj of chars 


{1,...,1, 


-1,-1, 7^7 

A; G Ti 


S02n-M X oUq) 


1 


^qZn-2 _ 

2(g- 


•l)(g^" 
a)(g - 


-1) 
1) 


2(g-3) 


{1,...,1, 


-l,-l,^7^r/-^•} 


S02n-3{q) X 0-(g) 


1 




- l)(g^" 


-1) 


2(g-l) 




keT2 


xGU,{q) 


2(g- 


a)(g + 


1) 


{1,...,1,- 


-1,-1} 


SO^n^M X Of (g) 


(^) 


g^" - 1 
2(g-a: 


-^(1) 




4 



{1,-1, -,-1} 



Of„(g) 



1 (g" + a)/2 4 

(g" - a)(g"-^ + ag) (g^" - l)(g""' + aq) 



q' 



g^" — g^ 



2(g^ - 1) 



(g^"-g^)(g" + a) 

2(g2-l) 
(g^"- l)(g"-^ + a) 

2(g2-l) 
g(g^" - l)(g"-^ + a) 



4 



{1,1,1,-1,...,-1} 



503(g) X 0-^_,{q) 



2(g^ - 1) 



(g^'^-^ - l)(g^" - 1) 
— a) 
l)(g^"-l) 



{1, 1, -1, -1, -1, -1} S02n-M X 04°(g) 



2(g;-l)(g^-a) 
g^(g^"-^ 



2(g2 - l)(g2 -a) 
g(g^"-^ - l)(g^" - 1) 

{q^ - lY 



{1, 1, -1, -1, -1, -1} S02n~M X 04+(g) 2g 



Where W is 1, (g"-^ - l)(g"-i - g)/2(g + 1), (g"-i + l)(g"-i + g)/2(g + 1), (g"-i + l)(g"-i - g)/2(g - 1), 
or (g"-i - l)(g'^~i + g)/2(g - 1). 
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5. Odd characteristic orthogonal groups in odd dimension 

The aim of this section is to classify low- dimensional complex representations of 
groups G = Spin2n+i{q) where g is a power of an odd prime p. The dual group G* 
is the projective conformal symplectic group PCSp2n{(l), which is the quotient of 
G = CSp2n{,<i) by its center Z{G) ~ Zg_i. 

Proof of Theorem 11.21 If x is unipotent, Theorem is done by Corollary 13.21 
So we can assume x is not unipotent such that < q^^~^. Suppose that x 

is parameterized by ((s*), ■?/'), where s* is a non-trivial semi-simple element in G*. 
Consider an inverse image s of s* in G. Then (s) is a non-trivial conjugacy class of 
semi-simple elements in G. Set C* = Cg*{s*) and C = Gq{s). Let g be any element 
in G such that the image of g in G* belongs to C*. Then gsg~^ = n{g)s for some 
fi{g) G Therefore, r(s) = r^gsg"^) = T{fi{g)s) = fi^gYr^s). It follows that 

fi{g) is 1 or —1. Hence 

(G* : C*\, > (G : C\,/2. 

Case 1: Ifr(s) is not a square in Fg. bv Lemma l2.4l C ~ {Spm{q'^)>^Y['i=i^Lal{'l'''))' 
Zq_i, where ai = ±, S'^^^/cjOi = n — m. Therefore, 



{G : C)p, > 



(g4 - 1) . . . (g2m - l)(g + l)(g2 _ 1) . . . (g« 



> 



(g^ - 1) ■ ■ ■ (g'""' - l)(g + 1) ' (g + _ i) . . . (g" _ (_i)n) / i 

min{(g2 - l)(g6 _ l) . . . (g2n-2 _ _ 1) . . . (^n + (-1)")} if 2 | n 

min{(g2 _ i)(g6 _ . . . j^2n _ ^^/j^ + i)^ _ i) . . . (gn ^ (_!)«)} if 2 j n, 

which is greater than 2^^""^. Therefore, 

> (G* : C%, > (G : C),,/2 > q'--\ 

Case 2: If r(s) is a square in F^, multiplying s with a suitable scalar, we can 
assume that r(s) = 1 or in other words s G Sp2n{,<i)- By Lemma [2^ G ~ {Sp2k{(l) x 
5'p2(m-fc)(Q') X nLi G-^^a,'(5''''))'^'2-i) wherc = ±, 'Ll^^hai = n-m. It is easy to see 
that \Sp2,{q) X < K:=A<f' - 1) and | Rli GL^;(g'=Olp' < RLTl?^ - 

(— 1)*). Therefore, 

(r r^ > (^^('"+1) - i) ■ ■ ■ (g^- - i) _ 

^ ^ - (g + l)(g2 - 1) . . . (g«-™ - (-I)-™) - 
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1) Case m < n — 2. We have {G : C)p' > mm{f{0,n),f{n — 2,n)}. Since both 
/(0,n) = nr=i(?' + (-1)0 and /(n-2,n) = {q^''-^ - l){q^'' - l)/{q + l){q^ ~ 1) are 
greater than 2g^"-^ > {G : C)p//2 > g^""^^ 

2) Case m = n-l. Ifl^A;<n-2 then (G : C)^, > (g2n-2 _ i^(^^2n _ iy(^^ ^ 
- 1). Again, > {G : C)p//2 > g^"-^. So A; = or n - 1. Modulo Z(G), we 

can assume that k = n — 1. There are two cases: 

• C = {Sp2n-2{(l) X GLi{q)) - Ijq-i, which is happened when Spec(s) = {1, 1, 
A,A^^}, where ±1 7^ A G F^. Note that there are (g — 3)/2 choices for 
A, namely, A = 7^^, A; G Ti. For each such A, there is exactly one semi- 
simple conjugacy class of such elements s in Sp2n{,<i) by |Wll (2.6)]. This 
conjugacy class is also the conjugacy class of s in CSp2n{(l)- Therefore, there 
is exactly one conjugacy class of semi-simple elements (s*) in G* such that 
Spec(s) = {1, 1, A, A~^} for each A = 7*^, k G Ti. 

• G = {Sp2n-2{(l) X GUi{q)) - Zg^i, which is happened when Spec(s) = {1, 1, 
A, A~^}, where ±1 ^ A G and A"^ = A«. Note that there are (g - l)/2 
choices for A, namely, A = ri^,k G T2. Similarly as above, there is exactly 
one conjugacy class of semi-simple elements (s*) in G* such that Spec(s) = 
{1, 1, A, A~i} for each A = r/^ G T2. 

In two above situations, if {1, 1, A, A^^} = {/i, /x, /lA, /iA~^} for some yU G F^ , 
then = 1 since n > 5. Therefore, G is the complete inverse image of G* in G. In 
other words, G* = G /Z{G) and hence {G* : G*)pi = {G : G)p'. Consider the canonical 
homomorphism / : Sp2n-2{(l) x GL^i^q) "-^ C — > C*, a = ±, whose kernel is contained 
in the center of Sp2n-2{<l) x GLf{q) and image contains the commutator group of 
G* since Sp2n-2{.<i) x GL^^q) contains the commutator group of C ~ {Sp2n-2{.<l) x 
GL'^{q)) ■ By Proposition 12.11 the unipotent characters of Sp2n~2{.l) x GL"{q) 

are of the form ipo f ., where if) runs over the unipotent characters of G* . In particular, 
%p is trivial or > (g""""^ — l)(g"'~^ — q)/2{q + 1) by [TZll Proposition 5.1]. In the 
latter case, 

^(^^>flJZl (g"-^-l)(g"-^-g) .n-s 
^- g+1 2(g+l) ^ ■ 

Therefore, in this case, x is one of (g — 3)/2 characters of degree (g^" — l)/(g — 1) or 
(g — l)/2 characters of degree (g^" — l)/(g + 1). 

3) Case m = n. Since (s*) is non-trivial, we assume 1 < k < n — 1. 

First, if A; = 1 or n — 1, modulo Z{G), we may assume Spec(s) = {—1, —1, 1, 1}- 
Again, G* = G/Z{G) and {G* : G*)pi = {G : G)pi. There is a unique possibihty 

2n 1 

for (s*) in this case. We have = '^qiZi V'(l) where tp is & unipotent character of 
G* . Applying Proposition 12.11 again for the canonical homomorphism / : Sp2{q) x 
Sp2n-2{(l) ^ C ^ C*, we see that either ip is trivial, or the unipotent character of 
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degree q, or ipi^l) > {q"-"^ — — q)/2{q + 1). In the last case, 

q^-1 2(g+l) ^ ■ 

The first two cases explain why G has two characters of degrees (g^" — l)/{q'^ — 1) 
and - l)/(g2 _ i)_ 

Next, if A; = 2 or n — 2, since n > 5, again one can show that C* = C /Z{G) and 
hence 

/ 2n-2 _ i\/ 2n _ i\ 

Finally, if3<A;<n — 3, in particular n > 6, then 



vrn > rr ■ /2 > - - i) ^ .„„s 

X(l) > (G . CV/2 > 2(g2_i)(^4_i)(^6_i) > 5 • 



6. Even characteristic orthogonal groups in even dimension 



□ 



In this section we classify low-dimensional complex characters of the group G = 
Spin2n{q) = ^2nil)y where a = ± and g is a power of 2. Since q is even, we can 
identify G with its dual group. Note that, ^2nil) = [G2n(?)5 G2n(?)] G?ra(Q') = 

Proof of Theorem 11.31 If x is unipotent then we are done by Propositions I3.3[ 
I3.4[ Now we assume x is not unipotent. Suppose that x is parameterized by ((s), ip), 
where s is a non-trivial semi-simple element in G and ip is a unipotent character of 
C := Gg{s) such that < Set C = Goq {q){s). Since C is a subgroup of 

G' of index 1 or 2, (G : C)2' = (0^„(g) : C")2'. 

By Lemma [273| G' ~ 0^(g) x HLi ^^^lil^')^ where = ±, T,\^^kiai = n — m. 
Since (s) is non-trivial, m < n. It is easy to see that | Yll^i GL"*(g'^')|2' < YYi=^{q^ — 
(—1)*). Therefore, with convention that g° — 1 = 1, we have 

(g2(>n+l)_l)...(g2n_i)(gn._l) 

1) When 1 < m < n — 2. We have 

n-l 

/(I, n) = (g - l)(g" - 1) JJl?' + ("1)0 > 

i=l 

and 

' ^" (g + l)(g2-l) >^ • 

Therefore, > min{/(l, n), f{n -2,n)}> g^n-io^ 
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2) When m = n-l. Then C ~ 0^„_2(g) x GLf (g) with (3 = ±. Since GLf(g) ~ 
fif(g), C" ~ Ogf_2(g) X GLf(g). It is obvious that C = ^3^-2(5) x GLf (g). There 
are two cases: 

• C = 02n-2{.l) X GLi{q) corresponding to the case Spec(s) = {1, 1, A, A~^}, 
where 1 7^ A G F^. Note that there are (g — 2)/2 choices for A, namely, A = 
7'^, k G Ti. For each such A, there is exactly one semi-simple conjugacy class 
of such elements s in 0^„(g) by jWH (3.7)]. Since (G : C) = (0^„(g) : C), 
02n(g)-conjugacy class of s is also a G-conjugacy of s. Therefore, there is 
also exactly one conjugacy class of semi-simple elements (s) in G such that 
Spec(s) = {1, 1, A, A~^} for each A = 7*^, k G Ti. 

• C = 02n-2i.^) X GUi{q) corresponding to the case Spec(s) = {1, 1, A, A~^}, 
where 1 7^ A G F^a and A~^ = A"^. Similarly as above, there is exactly 
one conjugacy class of semi-simple elements s in G such that Spec(s) = 
{1, 1, A, A-i} for each X = 7]\ke T2. 

We have = "'""^'' ^(1); where ip is a unipotent character of G. U ip is 

non-trivial and (n, q, a) 7^ (5, 2, — ) then by Propositions 7.1 and 7.2 of [TZlj . 

^1 ^ 2 ] • 

q^ — 1 



In that case. 



q — P q^ 



If '\\) is non-trivial and (n, g, a) = (5,2,—), then '\\){\) > q^{q — l)^(g^ — l)/2 = 28 
and we still have x(l) > g^"^^°. So ip must be trivial. In summary, in this case, x is 
one of (g — 2)/2 characters of degree (g" — a)(g"~^ + a)/(g — 1) or g/2 characters of 
degree (g" — a)(g"'~^ — a)/{q + l). 

3) Whenm = 0. If n > 6, we still have f{0,n) = HLi (?' + (-!)')/(?" + 1) > 
Now we consider the case n = 5. Since x(l) < g^n-io^ _ QU^(^q^_ This forces G = 
f^^o(g). Then (G : G)2' = (g-l)(g2 + l)(g=^-l)(gH 1) and therefore V'(l) = 1- There 
are exactly g/2 conjugacy classes (s) in O^^i^q) of semi-simple elements such that C ~ 
GU^i^q), which is happened when Spec(s) = {A, A, A, A, A, A~^, A~^, A~^, A~^, A~^}, 
A = G T2. Note that GU^iq) < ^io{q)^ so G = Gf/5(g) and (O^oiq) ■ C') = 
2(nj~Q(g) : G). In other words, |s*^io'-''^| = 2|s^io('')|. Therefore there are exactly g 
conjugacy classes (s) in ^iQ^q) such that G = GU^{q). This gives g characters of 
degree (g - l){q^ + l)(g3 - l){q^ + 1) of VL:,^{q). □ 

7. Odd characteristic orthogonal groups in even dimension 

In this section, we classify low- dimensional complex representations of the group 
G = Spin2niq) where a = ± and g is an odd prime power. The dual group G* is the 
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projective conformal orthogonal group P{C02^{q)^), which is quotient of C02„(q')° 
by its center Z(CO^„(g)°) ~ Z,_i. 

Proof of Theorem 11.41 If x is unipotent then we are done by Propositions 
13.31 I3.4[ So we can assume that x is not unipotent. We denote G := C02„(q'), 
■= CO^^iqf, and Z := Z{G) ~ ~ Suppose that s* is a non-trivial 

semi-simple element in G*. Consider an inverse image s of s* in G". Then (s) is a non- 
trivial conjugacy class of semi-simple elements in G. Set C* := Cg*(s*), C := C^{s), 
and C° := Cgo(s). Suppose that x is parameterized by ((s*), V'), ^ Irr(C*), such 
that ^ g4n-io ^ g^j^y gigjxient in G° such that the image of g in G* belongs 
to C*. Then gsg^^ = fi{g)s for some fj,{g) G Therefore, r(s) = T{gsg~^) = 

T{fi{g)s) = fi^gYr^s). It follows that fi{g) is 1 or —1. Hence, 

(G* : > (GO : G°)pV2 > (G : C),,/A. 

Case 1: If r(s) is not a square in Fg, multiplying s by a suitable scalar in F^, we 
can assume that r(s) is fixed. By Lemma [531 C ~ (O^X^l^) ^ Yll=i ^-^a- (O'^'O) ' ^g-i; 
where = ±, S^^^^/cjaj = n — m. Denote the group ]\i=iGKl{q^') by A for short. 
Now we will show that, when n > 6, (G : C)pi > 4g^"^^'^, and therefore > (C* : 

> (G : G)pV4 > jg gg^gy g^g ^j^^^^ |^|^, < U7=ri(l' - (-!)')• Hence, 

~ ~ 2(g2 - 1) ■ ■ ■ - 1) 

' - (g" + + - 1) ■ ■ ■ (g— - (-1)— =^ 

We have /(0,n) = 2]J^^^{q' + (-l)*)/(g" + 1) > 4g^"-io and f{n,n) > 4g^"-io for 
every n > 6. Therefore, ^ (C • C*)p'/4 > min{/(0, n), /(n, n)}/4 > g^^^io when 
n > 6. 

Now let us consider the case {n, a) = (5, +). Note that GU^{q) is not a subgroup 
of OiQ^q). Therefore, ii A ^ GL^i^q), one can show that (G : G)p/ > 4g^° and hence 

> 0'^°. If A = GL^{q), then the characteristic polynomial of s has the form 
P(x) = (x — A)^(a; — rA~^)^ with A G F* and r := r(s). Now we will show that 

(G* : G*)p. = (G° : G°)p. and therefore >JG : G)pV2 = (g + + l)(g3 + 
l)(g^ + 1) > Suppose that Si,S2 G G° are G°-conjugate and their images in G* 
are the same. Then si = ±S2- Let Vi := Ker(s — A) and V2 := Ker(s — rA~^). Note 
that Vi and V2 are totally isotropic subspaces in V and Vi fl V2 = {0}. By definition, 
an element in G" cannot carry Vi to V2. This implies that si = S2- In other words, 
\s*^*\ = and hence (G* : C*)p> = (G° : G°)p. as desired. 

The next case is (n, a) = (5,—). Note that GL^{q) is not a subgroup of OfQ(g). 
Therefore, if A 7^ GU^{q), one again can show that > ■ If ^ = GU^^q), 

then the characteristic polynomial of s has the form P{x) = [{x — X){x — rA~^)]^, 
where {x — A)(x — rA^^) is an irreducible polynomial over F^. Note that there are 



40 



HUNG NGOC NGUYEN 



(g + l)/2 choices for such a pair (A, rA^^). So there are exactly (g + l)/2 conjugacy 
classes (s) in G such that C ~ GU^{q). That means there are exactly (g + 1) such 
conjugacy classes (s) in G° since C° = C in this case. Now modulo Z, we have 
exactly (g + l)/2 conjugacy classes (s*) in G*. Arguing similarly as above, one has 
(G* : C%. = (GO : G°)p/ = (g - l)(g2 + l)(g3 - l)(g4 + l) and therefore C* = C^/Z. 
The condition = (C* : C*)p>i)[l) < g^° implies that = 1. Since G* has a 
unique unipotent character of degree 1, we get exactly (g + l)/2 characters of degree 
(g — l)(g^ + l)(g^ — l)(g^ + 1) in this case. 

Case 2: If r(s) is a square in Fg, again, we can assume that r(s) = 1. By Lemma 

[231 G ^ (O2^..(g)xOt,_2fc(g)xnliG'i:°;(g'=0)-Vi> where a, = ±, Sti/c,a, = n-m. 

It is easy to see that \0^k((l) ^ 0^m-2k((l)\p' < 2 ni!Li(?^' " - 1) if > 1 and 

I n!=i GL^;(g'='|p/ < nr=r(9* - (-l)O- Therefore, with convention that g° - 1 = 2, 
we have 

(G : G)w > % -fj- ''^^ , ; =: gim.n). 

^ - (g" + l)(g + l)(g2-l)...(g"-'»-(-l)"-'^) ' ^ 

1) When 1 < m < n — 2, (G : G)p' > min{5f(l, n), (7(72 — 2, n)}. Direct computation 

shows that c/(l,n) = (g" - 1) nr=/(?' + + 1) > 4g^"~^°) and g{n - 2,n) = 

(g2"-2 - - l)(g"-2 _ + i)(g2 _ 1) > 4g^"-io. Therefore, > g^"-i°. 

2) Whenm = 0, then ^(0,n) = 2 n"^i(g^ + (-l)^)/(g" + 1). We still have c/(0,n) > 
^^4n-io if 7^ > The case (n, a) = (5, +) can be argued similarly as when r(s) 
is not a square in Fg. So we only need to consider the case (n, a) = (5, — ). Note 
that GL^i^q) is not a subgroup of O^Q^q). Therefore, ii A GU^i^q), one again can 
show that > g^°. So we can assume A = GU^{q). Then the characteristic 
polynomial of s has the form P{x) = [{x — A)(x — A^^)]^, where {x — X){x — A~^) is 
an irreducible polynomial over ¥q. Note that there are exactly (g — l)/2 such a pair 
(A, A~^). Repeating arguments as when r(s) is not a square in F^, we get exactly 
(g — l)/2 characters of degree (g — l)(g^ + l)(g^ — l)(g^ + 1) in this case. 

3) When m = n-l. lfl<k<n-2 then (G : G)p/ > (g^"-^ - l)(g" - l)(g"-2 - 
l)/2(g + 1)2 > 4g4'^-io. Hence, > (C* : C*)p> > g^^-^o. So = orn - 1. With 
no loss, we can assume k = n — 1. Note that Spec(s) = {1, 1, A, A"^} in this case. 
If {1, 1, A, A^^} = {fi, fi, fiX, fiX~^} for some fi E ¥^ , then = 1 since n > 5. 

Therefore, is the complete inverse image of G* in G°. In other words, G* = C^/Z 
and hence (G* : C*)p> = (G° : GO)p. = (G : G)p^ Also, since GLf(g) ~ fif(g), 
G ~ (02f_2(g) xGLf (g))-Zg_i. One can show that C° ~ (^Osf.alg) x GL^ (g)) -Z^^i. 
There are two cases: 

• G = (02„_2(q') X GLi(g)) • Zq_i corresponding to the case Spec(s) = {1, 1, 
A, A~^}, where ±1 7^ A G F^. Note that there are (g — 3)/2 choices for A, 
namely, A = 7^^,^ G Ti. For each such A, there is exactly one semi-simple 
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conjugacy class of such elements s in 02„(g') by [Wll (2.6)]. This conjugacy 
class is also the conjugacy class of s in G^. Therefore, there is exactly one con- 
jugacy class of semi-simple elements (s*) in G* such that Spec(s) = {1, 1, 
A, A-i} for each A = 7^ A; G Ti. 
• C = {02n-2il) ^ GUi{q)) • Zg_i corresponding to the case Spec(s) = {1, 1, 
A, A-i}, where ±1 ^ A G F^^a and A^^ = A«. Note that there are (g - l)/2 
choices for A, namely, A = r]^ G T2. Similarly as above, there is exactly 
one conjugacy class of semi-simple elements (s*) in G* such that Spec(s) = 
{1, 1, A, A-i} for each X = r]'',ke Tg. 

Using Proposition 12.11 for the canonical homomorphism / : S02n_2{q) x GL^{q) ^ 
^ C* , f3 = ±, we see that the unipotent characters of SO'^n-ii.l) ^ GL^{q) are of 
the form ° f ) where if) runs over the unipotent characters of C* . In particular, by 
Propositions 7.1, 7.2 of fTZT] . ^ is trivial or V^(l) > (g"-i -a/?)(g"-2 + a/5g)/(g2- 1). 
In the latter case, 

Xv-'-/ — 9 1 ^ Q • 

q — p — 1 

Therefore, in this case, x is one of (g — 3) /2 representations of degree (g" — a) (g"~^ + 
Q;)/(g — 1) or (g — l)/2 representations of degree (g" — a)(g"~^ — a)/(g + 1). 

4) When m = n. Since (s*) is non-trivial, we assume 1 < k < n — 1. 

If A; = 1 or n — 1, modulo Z, we may assume Spec(s) = { — 1, —1, 1, 1}. Then 
C = {q^{q) X Ot-2{q)) ■ Vi and 50 ^ (50f (g) x SO^f.^lg)) ■ 2 ■ Z,_i. Again, 
C* = C^/Z and (G* : = {G : There is a unique possibility for (s*) for 

each /5 = lb. We have x(l) = (g where ■?/' is a unipotent character of 

C*. Consider the canonical homomorphism / : (502 (g) ^ S02n-2{l))''^ ^ C° ^ C*, 
whose kernel is contained in the center of (S'02 (g) x S02n_2{q))-2 and image contains 
the commutator group of C* since (S'02 (g) ^ ^02n-2il)) ' 2 contains the commutator 
group of 0°. By Proposition 12. 11 the unipotent characters of (5*02 (g) x S02n-2{l)) '2 
are of the form ipo f ^ where runs over the unipotent characters of C* . In particular, 
is one of two linear unipotent characters or '?/'(l) > {q'^~^ — a(3){q^~'^ + a(3q)/{q^ — l). 
In the latter case, 



(g"- a)(g"-^ + a/?) (g""^ - a/?) (g"-^ + a/?g) 

2(g-/9) g^ 



If 2 < A; < n - 2, then 



4|04^(g)|-|02t_4(g)| 
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_ {q'^-^ - - a){t-^ + + ^ 4„-io 

8(g2-l)(g4_i) ■ 

□ 

8. Groups Spinf^i^) 

In this section, we will classify the irreducible complex characters of G = 5'pin"2(3), 
a = ±, of degrees up to 4 • 3^^ Note that G* = P(CO?2(3)°)- The argument in this 
section is similar to that in §7. Wc will keep all notation from there. Two following 
lemmas can be checked by direct computation. 

Lemma 8.1. Suppose that x ^ Irr(P(COf2(3)°)) is unipotent. Then either x is one 
of the characters labeled by (°_^), {'^), {^_^), (° } (° J or x(l) > 4 • 3^^. 

Lemma 8.2. Suppose that x £ Ii'i'(-P(C'C)i2(3)°)) is unipotent. Then either x is one 
of characters labeled by (^); (2), (3) ft characters), (°g); (°^_^^); or x(l) > 
4-3^^ 

Proposition 8.3. S'pm^2(3) has exactly 28 irreducible complex characters of degrees 
less than 4-3^^ and Spini2{3) has exactly 16 irreducible complex characters of degrees 
less than 4 ■ 3^^. 

Proof. Let x be an irreducible complex character of G of degree less than 4-3^^. Since 
we have already counted the number of unipotent characters in two above lemmas, 
we can assume that x is not unipotent. Suppose that x is parameterized by {{s*),ip), 
where 1 ^ s* e G*j^ PiGOf^iSf) and V e Irr(C*), G* ^Cg*{s*). Recall that 
G := C05*2(3) and G^ := GC^^i^)^- Denote Z ^= Z{G)^= the center of G as 

well as G'^. Let s be an inverse image of s* in G°. Set G = Cg(s) and C° = Cgo(s). 

Case 1: r(s) = -1. Then we have C ~ (0^(9) x ULiGL'^iiS''^)) ■ Z2, where 
ctj = ±, S^^-^/cjaj + m = 6. Since < 4 ■ 3"*^^, {G : G)y < 16 ■ 3^^. This inequality 
happens only when C ~ G'L^(3) ■ Z2. This forces G = S'pm^2(3)- Let us consider the 
case G ~ GL6(3) ■ Z2. Note that there is a unique conjugacy class (s) of semi-simple 
elements in G so that G ~ GL6(3) • Z2, which is happened when the characteristic 
polynomial of s is {x^ - if. In this case, C° ^ C, {G : C) ^ 2(G° : C°), and 
therefore there arc two conjugacy classes of semi-simple elements in G^, as well as 
in G* . such that G ~ GL6(3) ■ Z2. Furthermore, G* is an extension by 2 of G/Z. 
Therefore, x is one of 4 characters of degree (G* : G*)^' — 1X1^=1 (3* + 1), provided 
that G = Spinf2{'^)- 

Next, we consider the case C GUq{3) ■ Z2. Note that there are two semi-simple 
conjugacy classes (s) in G so that G ~ GL6(3) • Z2, which is happened when the 
characteristic polynomial of s is {x'^ + x — 1)^ or (x"^ — x — 1)^. In this case, G° = G, 
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{G : C) = 2{G^ : C°), and therefore there are 4 such conjugacy classes of semi- 
simple elements in G^. Modulo Z, we get exactly two semi-simple conjugacy classes 
(s*) in G*. Furthermore, G* ~ G/Z. Therefore, we get two characters of degree 
nli(3^ + (-l)0 ofG = SpznU3). 

Case 2: r(.) = 1. We have G ^ {0^(3) x 02^2.(3) x Uli GL^liS'^^)) -Z,, where 
a, = ±, T^l^^kiai + m = 6. The inequality < 4 ■ 3^^ implies that m = 0,5, or 
6. If m = 0, similarly as in case 1, one can show that G ^ GUq{3) ■ Z2 and G* is an 
extension by 2 of C/Z. Hence, x is one of 4 characters of degree | nLi(3* + 
provided that G = Spinf2{3). 

When m = 5, it is easy to show that (G* : C*)3' = (G : G)y. If = or 5, we 
have already shown in the proof of Theorem 1 1 . 41 1 hat either x is the unique character 
of degree (3^ — a) (3^ — a)/4 or 

^ (3'-a)(3'-a) (3^ + a)(3^ - a3) ^ 
X[ ) - ^ 8 

If 1 < A; < 4, > (G : G)3' > (31° - 1)(3*^ - 1){3'^ - l)/32 > 4 • 3^^ 

Now we suppose m = 6. First, If /c = 1 or 5, we have x = V'(l)(3^ — a) (3^ + 
a/9)/2(3 — P), where /3 = ± and is a unipotent character of G* = G^/Z, G° ^ 
(50^(3) X ^0"(f (3)) ■ 2 ■ Z2. When /? = +, the inequality < 4 • 3^5 forces to be 
linear. Therefore, x is one of 2 characters of degree (3^ — a)(3^ + a)/4. When f3 = —, 
note that the unipotent characters of (S'0^(3) x S0^i^{3)) ■ 2 are of the form o 
where / is the canonical homomorphism / : (S'02"(3) x 5'0]~o"(3)) -2 — > G*. Since 
5*0^(3) has a unique unipotent character which is trivial, the unipotent characters 
of (S'0^(3) X S0i(^{3)) ■ 2 are actually unipotent characters of 0]~q"(3). Therefore, 
ip is one of 2 unipotent characters of degree 1; 2 unipotent characters of degree 
(3^ + a)(3^ — a3)/8; or ip{l) > {3^^ — 3^)/8. Hence there are 4 characters of degrees 
less than 4 ■ 3^^ in this case. Next, if = 2 or 4, we have 

i3^+am^-m^-a) 

XliJ 2(32-1) (32-/3) ^' 

where ^ is a unipotent character of G* = G7Z(G), G° - (50f(3) x ^08^(3)) ■ 2 ■ Z2. 
Since x(l) < 4 ■ 3^^, ip is one of two linear unipotent characters of G* for each /? = ±. 
This gives 4 more characters of degrees less than 4 ■ 3^^. Finally, if = 3, then 
X(l) > (G* : G*)3' > (G : G)3V2 > 4 ■ 3^^ □ 
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